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Abstract

In this paper, some new generalized retarded nonlinear integral inequalities of Gronwall-Bellman
type are discussed. The upper bounds estimation of the embedded unknown functions are
discussed by integral and differential techniques. Our results generalize some inequalities of H.
El-Owaidy et al. [1] with both retard and nonlinear integral. Some applications are also presented
in order to illustrate the usefulness of some of our results.

Keywords: Retarded integral inequalities; estimation; iterated integrals; analysis technique; integro-
differential equations.

2010 Mathematics Subject Classification: 39B72; 26D10;34A34

*Corresponding author: E-mail: ahassen@su.edu.sa


www.sciencedomain.org

Abdeldaim & El-Deeb; BIMCS, 5(4), 479-491, 2015; Article no.BJMCS.2015.034

1 Introduction

Integral inequalities that give explicit bounds on unknown functions provide a very useful and important
device in the study of many qualitative as well as quantitative properties of solutions of nonlinear
differential equations and integral equations. In 1919, Gronwall [2] introduced the famous Gronwall
inequality (Theorem 1.1) while investigating the dependence of systems of differential equations with
respect to a parameter. Integral inequalities of Gronwall type are important tools in the study of
existence, uniqueness, boundedness, stability, invariant manifolds and other qualitative properties
of solutions of differential equations. Since then, a lot of contributions have been achieved by
many researchers. The original Gronwall inequality has been extended to the more general cases
including the generalized linear and nonlinear Gronwall type inequalities and mixed Gronwall-Bellman
inequalities ( see [1], [3-12]).

Theorem 1.1 (Gronwall [2]). Let u(¢) be a continuous function defined on the interval D =
[, o+ h] and

t
0<u(t) < / [bu(s) + al]ds,Vt € D,
where «, a, b and h are nonnegative constants. Then
0 < u(t) < ahe”™,Vt € D.

Recently, H. EI-Owaidy et al. [1] studied the following nonlinear integral inequalities of Gronwall type

Theorem 1.2 (H. EI-Owaidy et al. [1]). Let u(t) be a real-valued positive continuous function and
f(t), g(t) are real-valued non-negative continuous functions defined on I = [0, c0) and satisfy the
inequality

uP(t) <wuo + /Ot f(s) {up(s) + /05 g()\)u()\)d)\} ds,Vt eI,

where ug and p are positive constant. Then

u(t) < ul {1 + /Ot F(s) exp </Os[f(>\) +g()\)]d>\> ds} " wiel

Theorem 1.3 (H. EI-Owaidy et al. [1]). Let u(¢) be a real-valued positive continuous function
and f(t), g(¢) are real-valued nonnegative continuous functions defined on I = [0, co) and satisfy the
inequality

uP(t) < wuo + /Ot f(s) [uq(s) + /OS g()\)u()\)d)\] ds,Vt eI,

where uo, p and ¢ are constants such that up > 0and p > ¢ > 0. Then

w01 [oo+ [ srrerens ([ o) " wer

where

K(t) = {u(% 4 [@} /Otf(s) exp (—[p _q /Osg()\)d)\) ds] T wer

Theorem 1.4 (H. EI-Owaidy et al. [1]). Let u(¢) be a real-valued positive continuous function
and f(t), g(t) are nonnegative real-valued continuous functions defined on I = [0, c0), and satisfy
the inequality

P

u(t) <o+ /Ot F(s)u(s) {uq(s) + /Osg()\)u()\)d)\} ds,Vt € I,
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where ug, p and g, are positive constants such that p + ¢ > 1, . Then

u(t) < ug exp(/t f(s)Kl(s)ds), tel,
0
where

Ki(t) = ug” exp (p fy g(S)ds)

-
[1 dlp+ g — T [ () exp(p + g — 1) f° g(A)dA)ds}

such that, glp + ¢ — 1ug** =" [ f(s) exp(lp + ¢ — 1] f; g(\)dA)ds < 1,Vt € I.

Theorem 1.5 (H. EI-Owaidy et al. [1]). Let u(¢) be a real-valued positive continuous function
and f(¢), g(t) are nonnegative real-valued continuous functions defined on I = [0, c0), and n(t) be a
positive monotonic nondecreasing continuous function on I = [0, co) and satisfy the inequality

p

w(t) < n(t) + /0 o) [u(s)+ /0 Sg()\)u()\)d/\] dsvtel,

where p be a constant such that p € (0,1). Then
t
w) <n0|1+ [ R0, e
0
where

Ka(t) =exp (1) | t sas) 1+ - [ ' f sl (s)

X exp<—(1 —p) /Osg()\)d)\)ds} [H], Vel

However, many real life problems that have in the past, sometimes been modeled by initial
value problems for differential equations. Actually involve a significant memory effect that can be
represented in a more refined model using a differential equation incorporating retarded or delayed
arguments. In this situations, we need to discuss some retarded nonlinear integral inequalities ( see
[13-19]). So, the given bound on such inequalities in [1] are not directly applicable in the study
of certain retarded nonlinear differential and integral equations. It is desirable to establish new
inequalities of the above type, which can be used more effectively in the study of certain classes
of retarded nonlinear differential, integral and integro-differential equations.

In this paper, we extend certain results that where proved in [1] to obtain new generalizations of
formerly famous Gronwall type inequalities where non retarded case ¢ in [1] is changed into retarded
case «(t), and give upper bound estimation of the unknown function by integral and differential
techniques in order to study retarded differential, integral and integro-differential equations.

2 Main Results

In this section, several new retarded integral inequalities of Gronwall-Bellman type are introduced.

Throughout this article, R denoted the set of real numbers; I = [0, 00), Ry = (0,00), Ry = [1, 00)
and ' denotes the derivative. C(I,I) denotes the set of all nonnegative real-valued continuous
functions from I into I and C*(I,I) denotes the set of all nonnegative real-valued continuously
differentiable functions from I into 1.
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Theorem 2.1. Letu(t), g(t), f(t) € C(I,I),a(t) € C*(I,I) be nondecreasing with o(t) < t on I and

satisfy the inequality

uP(t) < wo + /Oa(t) f(s) [up(s) + /OS g()\)u()\)d/\] ds, vt eI,

where uo and p are positive constants. Then

p

u(t) < ul {1 + /Oam F(s) exp (/Os[f()\) +g(>\)]d)\> ds} . Vel

1

Proof. Let JP(t) equal the right hand side in (2.1), we have J(0) = uf and
u(t) < J(),ulo(t)) < J(a(t) < J(1), Vel
Differentiating J? (¢) with respect to ¢, and using (2.3) leads to

leP*”(t)%ﬂ <o Of(a®))Y (), Vtel,

where Y (t) = JP(t) + fo(’(” g(s)J(s)ds, thus we have Y (0) = J?(0) = uo and
J(t) <Y(t), vt e I.
Differentiating Y (¢) with respect to ¢, and using (2.4),(2.5) leads to

dy (¢)
dt

By taking ¢ = s in the above inequality and integrating from 0 to ¢, we get

< @U@ +9®]Y (), Vel

Y(t) < uo exp (/Oa(t) [F(s) + g(s)]ds>, Vel

from (2.6) and (2.4), we obtain

s 1

a(t)
g1 ) o () f(au(t)) exp (/0 [f(s) + g(s)]ds), vt e I.

dt p
The above inequality implies an estimation of J(t) as follows
1 a(t) s %
J(t) <uf [1 +/ f(s)exp (/ [fN) + g(/\)]d)\> ds] , vt e I.
0 0
Using (2.7) in (2.3), we get the required inequality in (2.2). The proof is completed.

Remark 2.1. If «(t) = t, then Theorem 2.1 reduces to Theorem 1.2.

(2.1)

(2.2)

Theorem 2.2. Letu(t),g(t), f(t) € C(I,I),a(t) € C*(I,I) be nondecreasing with o(t) < t,a(0) =0

on I and satisfy the inequality

a(t) s
uP (t) < wuo +/ f(s) {uq(s) +/ g(/\)u(/\)d)\} ds, vt e,
0 0
where uo > 0,p > q > 1 are constants. Then

1
P

u(t) < [uo + /Oa@ f(s)k:(a_l(s))ds] , vtel,

(2.8)

(2.9)
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where

k() = exp < /0 o g(s)ds) {UF

. (2.10)
alp —ql] [ ’ 5!
| T [ e~ -a) [ gnan)as| T
p 0 0
1
Proof. Let J?(t) equal the right hand side in (2.8), we have J;(0) = u{ and
u(t) < Ji(t),u(a(t) < Ji(alt)) < (),  Vtel. (2.11)
Differentiating J7 (t), with respect to ¢, using (2.11) we get
Y <o @ome, el @12

where Y1 (t) = J{(t) + [ g(s)J1(s)ds, thus we have Y1 (0) = J{(0) = ug , and J{(t) < Ya(t), but
q > 1, thus
Ji(t) <Vit),  Vtel (2.13)

Differentiating Y1 (t) with respect to ¢, and using (2.12), (2.13) leads to

dilt(t) < %a’(t)f(oz(t)yl[q_pﬂ] (t) + O/(t)g(a(t))Yl(t)7 viel,

but Y1(t) > 0, thus we have

v T - a0ga@y 0 < L0 f @), ver (@14
Now, if we put
Z@) =Y ),  vtel, (2.15)
then we have Z(0) = Y/*~%(0) = uoq“)Tiq] and Yl[”‘q‘”(t)%t“) = [;%;]%%, thus from (2.14) we
obtain
0 - da' gz < VDo), vt (2.16)

The above inequality implies the following estimations of Z(t), such that
Z@t) <kPd@),  wveel,
where k(t) is as defined in (2.10). From (2.8) and the above inequality we have
Yi(t) S k(t), Vel
thus from(2.12) and the above inequality we have

dJ(t)
dt

By taking ¢ = s in the above inequality and integrating from 0 to ¢, gives

Pl <O RO, Vel

1

a(t) P
Ji() < [u0+/0 k)|, viel (2.17)

Using (2.17) in (2.11) leads to the required inequality in (2.9). The proof is completed. O
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Remark 2.2. If a(t) = ¢, then Theorem 2.2 reduces to Theorem 1.3.

Theorem 2.3. Letu(t),g(t), f(t) € C(I, 1), a(t) € C*(I, I) be nondecreasing with a(t) < t,a(0) = 0,
on I and satisfy the inequality

u(t) < wo+ /Oa(t> f(s)u(s) {uq(s) + /OS g()\)u()\)d)\} pds,Vt el, (2.18)

where uo, p and q are positive constants such thatp + q > 1. Then

u(t) < uo exp(/a(t) f(s)kl(a_l(s))ds), Vtel, (2.19)
0
where

ué"’exp<p @ g(s )dS)
ke (t) = (2.20)

_ . [¥e=1)’
1= glp+q— 71 [0 f(o) exp((p+ g — 1] g(A)dA)ds}

such that, q[p + g — Jud® 1 (2O f(s)exp([p+q — 1] [ g(\)dA)ds < 1,Vt € I.

Proof. Let J2(t) equal the right hand side of (2.18), which is a positive and nondecreasing function
on I with J>(0) = u,. Then (2.18) reduces to

u(t) < J2(t), u(a(t)) < Jao(a(t)) < Ja(t), vt e 1. (2.21)
Differentiating J¥ (¢), with respect to ¢, using (2.21) we have

djit(t) < Of () ROV, Vel @22)

where Yx(t) ) + [ g(s)J2(s)ds, hence Y2(0) = JZ(0) = ul, and
Jo(t) < Ya(t)  Vtel (2.23)
Differentiating Y2 (t) with respect to ¢, and using (2.22), (2.23), leads to

dYa(t)
dt

but Y2(¢) > 0, then we have

< g/ () f(a®)Yy" () + o (g(a(t)Ya(t),  VEe,

v 2 g ) < gl f ), viel (224
If we let
vty = zy8), vtel, (2.25)
we have Z1(0) = Y, PT171(0) = uy P71 and v, P (1) 920 — ] b, then we can write
the inequality (2.24) as follows
dZ / /
L4 (p+g— D' (g(a®)Zi(t) > —q(p+q— 1)’ (B)f(alt),  VteL (2.26)

dt
The above inequality implies the following estimation of Z;(¢) such that

—[p+a—1]

Zi(t) > [ki(t)] 7, vtel,
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where k1 (t) as defined in (2.20). From (2.25) and the above inequality, we have
Y7(t) <ki(t),  viel,
thus from the above inequality in (2.22), we have

dJs (t)
dt

<o (t) fla(t))ki(t), Yt e l.

By taking ¢t = s in the above inequality and integrating from 0 to ¢ , produces

a(t)
Jo(t) < uo exp(/ f(s)kl(ofl(s))ds>7 tel (2.27)
0
Using (2.27) in (2.21), we get the required inequality in (2.19). The proof is completed. O

Remark 2.3. If ¢ = 1, then Theorem 2.3 reduces to Theorem 3 in [16].
Remark 2.4. If a(t) = t, then Theorem 2.3 reduces to Theorem 1.4.
Remark 2.5. If ¢ =1 and «(t) = ¢, then Theorem 2.3 reduces to Theorem 3.2 in [3].

Theorem 2.4. Letu(t),g(t), f(t) € C(I,I),a(t) € C*(I,I) be nondecreasing with a(t) < t, a(0) = 0,
onI,n(t) € C(I,R) be nondecreasing and satisfy the inequality

p

u(t) < nt) + /O " s [u(s)+ /D sg(/\)u()\)d)\] ds,, Wiel, (2.28)

where p be a constant such thatp € (0,1). Then

a(t)
u(t) < n(t) [1 +/0 f(s)n[p_ll(s)kg(a_l(s))], vt eI, (2.29)

where
kalt) =exp (w1 =) | " sas) |1+ -0 [ " ponlr(s)

s (125]
X exp(—(l —p)/ g(A)d)\)ds} ’ , Vtel.
0

Proof. Since n(t) is a positive monotonic nondecreasing function, we observe from the inequality

(2.30)

(2.28)
{%} <1 +/Oa(” F(synlo= (S)[(ZEED +/Oa(t)g()\)(%>d>\} “ds, Vel
a m(t) = % m(0) <1, Vtel (2.31)
Hence o) \ )
mt) <1+ /0 f(s)nP=(s) {m(s)Jr /0 g(A)m(A)d(A)} ., Vtel. (2.32)

Let J3(¢) equal the right hand side of (2.32), which is a positive and nondecreasing function on I with
J3(0) = 1. Then (2.32) reduces to

m(t) < Js(t), m(a(t) < Js(a(t)) < Js(t)  Viel (2.33)
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Differentiating J3(¢) with respect to ¢, using (2.33), we get
dJs(t)

= AW N am)YS @), Vel (2.34)
where Y3(t) = Js5(t) + [ g(s)Js(s)d(s), Y3(0) = J5(0) = 1, and
Js(t) < Ys(t), Vtel (2.35)
Differentiating Y5(¢) with respect to ¢ and using (2.34), (2.35) we get
W) By wyga(e) s

IN

o/ (£) f (@)~ a(®)YF (8) + o ()g(a(t)) Ya(t), ¥t € .
The above inequality implies the following estimation of Y3(¢), such that

Y3 (t) < ka(2), vtel,
where k2 (t) is as given in (2.30). From the above inequality in (2.34), we have

dJs(t)
dt
the above inequality implies the following estimation of J3(¢) such that

<o () fla@®))nP N (ke (t), VEeET,

Js(t) < 1+ /Oam f(8)ka(a  (s))nPVds,  Vtel.
Using the above inequality in (2.33), we get

mt) <1+ / " F()ka(a  (t))nP"ds,  vtel. (2.36)
We get the desired bound in (2.29) frOom (2.31) and (2.36). The proof is completed. O

Remark 2.6. If «(t) = t, then Theorem 2.4 reduces to Theorem 1.5.

Theorem 2.5. Let u(t), g(t), f(t) € C(I,I) be nondecreasing, we assume that 1(t),y2(t) are
nondecreasing and continuous functions defined on I with v;(t) > 0,Vt > 0, = 1,2, and a(t) €
C'(I, 1) is a nondecreasing function with a(t) < t, a(0) = 0 and satisfy the inequality

a(t) s P
u(t) < wug +/ F(s$)v1(u(s)) {uq(s) —I—/ g(A)wz(u(A))d/\] ds,Vt € I, (2.37)
0 0
where ug > 0,p > 0 and q > 1, are constants such thatp + q > 1. Then
a(t) a(t)
u(t) < Oyt [qf;l (qu (\yl(ug) +/ g(s)ds)+/ f(s)ds)], (2.38)
0 0
for allt € [0,T1], where
Toodt
\111(7’) = /1 m,r > 0, (239)
_ [ V2 (1 ' (5))ds 04
0= [ G > &40

and Ti is the largest number such that

o [0 o Va7 (5)ds
wa () + [ gt )+ [ sl < el

\1/;1(\1:2 (llfl(ug) +/Oamg(s)ds)—i—/oa(t)f(s)ds)g wjift)‘
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Proof. Let J4(t) equal the right hand side in (2.37), which is a positive and nondecreasing function
on I, we have

u(t) < Jat), u(a(t)) < Ja(a(t)) < Ja(t), Ja(0) = uo, ¥t € I. (2.41)
Differentiating J4(t) with respect to ¢ and using (2.41), we get
%t(t) </ () f(a®)r(Ja)YL(L), Vel (2.42)

where Yi(t) = J2(t) + [ g(s)t2(Ja(s))ds, hence Ya(0) = J1(0) = ud, and JI(t) < Ya(t) butq > 1,
thus

Ja(t) < Ya(t) Vtel. (2.43)
Differentiating Ya(¢) with respect ¢ and using (2.42), (2.43), leads to
PO < g0 (1)) (Va0 Y1) + o ()0 (Va (1), (2.44)

forallt € I, since ¥2(Y4(t)) > 0, Vt > 0, from (2.44) we get

dYa(t) : Y1 (Ya(0) Y31 (1)
baWaley) =4 OIEO) T va@)
By taking ¢ = s in the last inequality and integrating both sides from 0 to ¢, and using (2.39), we have
D1 (Ya() Y ()
¥2(Ya(s))

dt + o' (t)g(a(t))dt, vt € 1.

ds

Wa(Ya(t)) < Wa(ul) + / g’ (3)f(a())

+/O a'(s)g(a(s))ds, Vtel,

where ¥, is defined by (2.39) from the above inequality we have

U (Yi(t)) < Wa(ud) + / o (s)g(als))ds

t [p+q—1]
/ Y1(Ya(s))Yy (s)
+ a (s)f(al(s
| 9o st
for all t < T, where T € [0,71] is chosen arbitrary. Let Y5(¢) denote the function on the right-
hand side of the above inequality, which is a positive and nondecreasing function on I with Ys(¢) =
Wy (ud) + [y o (s)g(a(s))ds and

ds,

Ya(t) < U7 (Y1), vt < T. (2.45)
Differentiating Y5 (t) with respect to ¢, and using (2.45) we obtain

dYs(t) : D (Ya(@) Y o)
/ D1 ($2(Ys (1)) (a2 (Y5 (1)) P01 (8)
s a0 b2 (02 (5 (1)) et
From the above inequality, by the definition of ¥, in (2.40) and let t = T' we have
a(T) a(T)

Wy (Ys(t)) < WUy (\I’l(ug) +/ g(s)ds)—i—/ qf(s)ds,vt < T. (2.46)

0 0
Since 0 < T' < T3 is chosen, from (2.41) , (2.43), (2.45) and (2.46), we get the required inequality in
(2.38). The proof is completed. O

Remark 2.7. If ¢ = 1, then Theorem 2.5 reduces to Theorem 4 in [16].
Remark 2.8. If ¢¥1(t) = ¢2(¢t) = t, then Theorem 2.5 reduces to Theorem 2.3.
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3 Application

In this section we present some applications of the inequalities given in our Theorem 2.1 and Theorem
2.5 in order to illustrate the usefulness of our results.

Now we give an example for the application of our Theorem 2.1 to the following retarded integro-
differential equation

Example 3.1 Consider the retarded integro-differential equation :

{ puP () 2 — a(t)), [y H a(s)))ds), vt € I,

u(0) = wo,

(3.1)

where M € C(I x R R), H € C(I x R,R), Juo| > 0 is a constant, satisfy the following conditions

[H (8, u(®))] < g(®)[u(t)], (3.2)
/Hsu )))ds)| < fFOI Ju(@®)|” + /|Ksu |ds), (8.3)

Sl [ -

where u(t), f(t), g(t), a(t),p as defined in Theorem 2.1. Integrate both sides of the equation (3.1)
from 0 to ¢, we have

P(t) = uo + /Ot M(s,u(a(s)),/os H(\ u(a(N)))dN)ds, vVt € I, (3.5)

using the conditions (3.2) and (3.3), from (3.5) we get

ol + [ f(s) [|u<s>\p [ g(A)\u(A)\dA} ds,
i+ [ Sy e + [ 2y oaa

Now, a suitable application of the inequality given in Theorem 2.1 to the above inequality yields

oo [ (][ BN

for all ¢ € I. Thus, from the hypotheses (3.4) and the estimation in (3.6), implies the boundedness of
the solution w(t) of (3.1).

Now we give an example for the application of our Theorem 2.5 to the following retarded integro-
differential equation

lu(®)[”

IN

IN

du(t)
dt

with initial condition «(0) = wo, we assume that K € C(R x R,R), H € C(R*,R), |uo| > 0 is a
constant, satisfy the following conditions

[K(t,u(t))| < g(t)v2(lu®)]), (3.8)

= H(t,u(a(t)%/o K(s,u(a(s)))ds),Vt € I, (3.7)

\H(t,U(a)v/o K(s,u(a))ds)| < f(t)wl(lu(a)l)QU(t)\q +/0 IK(S,U(a))\dS> ; (3.9)
where f(t),g(t) € C(I,I).
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Example 3.2 Consider the nonlinear retarded integro-differential equation (3.7) and suppose
that K, H satisfy the conditions (3.8) and (3.9), and 1 (¢),¥2(t) are nondecreasing and continuous
functions defined on I with +;(t) > 0,¥t > 0,4 = 1,2, and a(t) € C*(I, I) is a nondecreasing function
with a(t) < t,a(0) = 0 then all the solutions of the equation (3.7) exist on I and satisfy the following
estimation

a(t) 0571 s a(t) 0471 s
lu(t)] < w;l{q};1<q/2<q/1(|ug|)+/o j,((T((s))))ds>+/o %@)], (3.10)
for all ¢t < T», where .
Wi (r) :/1 wj—ft),r >0, (3.11)
v Uy (U7 (s))ds
\I/Q T)= )
0= e
and T3 is the largest number such that

< U, (U7 (s))ds
T (W (s)) (W (s))prat

va (q’ (‘Pl('““‘q) * /Oa@) %” * /oa(t) 5'(&_—11(@)))) ds) < o

Proof. Integrating both side of the Eq. (3.7) from 0 to ¢, we have

r>0, (3.12)

u(t) = uo +/0 H(:S,u(oz(s)),/oS KX u(a(N)))ds),Vt € I, (3.13)

using the conditions (3.8) and (3.9), from (3.13) we get

P

lu(®)] < IUOI+/0 f(S)sO(\U(oc(S))D[\uq(S)I+/Osg(/\)s0(|u(k)|)d/\} ds, (3.14)
the inequality (3.14) can be written in the form
@ fla'(s)
)] <ol + [ LED(fu(at)

x [\uq(sn + /O %gpqu(xmdﬁ ds,vt e I.

(3.15)

Now, a suitable application of the inequality given in Theorem 2.5 to (3.15), we get the required
inequality in (3.10). The proof is completed. O

4 Conclusions

a : In the section 1, a brief historical evolution of integral inequalities and some results of EI-Owaidy
et al. [1] has been presented.

b : In the section 2, we have studied several new retarded integral inequalities by generalize some
results which established in EI-Owaidy et al. [1].
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¢ : In the section 3, we have presented some applications for some inequalities given in section 2 in
order to illustrate the usefulness of our results.

d : Authors think that, the rest of the integral inequalities which established in EI-Owaidy et al. [1],
can be developed to the retarded integral inequalities by the same techniques.

e : We finally mention that the retarded integral inequalities obtained in this paper allow us to study
the stability, boundedness and asympototic behaviour of the solutions of a class of more
general retarded nonlinear differential, integral and integro-differential equations.
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