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Abstract

The existence of nonoscillatory solutions of a class of higher order forced neutral dynamic equations
with time delay on time scales is discussed. The main tool is the Banach fixed point theorem. Based
on the different values of p(¢), we give several existence theorems of nonoscillatory solutions of our
discussing equations. An example is also presented to illustrate the applications of the obtained
results.
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1 Introduction

Theory of dynamic equations on time scales has a very important theoretical significance and broad
application prospects [1,2], and the study of dynamic equations on time scales can further improve
the related results of differential and difference equations with time delay. Therefore, the study of
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dynamic equations on time scales has become one of the hot issues in recent years and the calculus
theory on time scales is more and more perfect [3,4]. Certain results have been obtained in the
qualitative theory and the existence of nonoscillatory solutions of dynamical equations on time scales
[5,6,7,8]. There have been some research results [9,10,11] about the oscillation and nonoscillation of
higher order neutral differential equation, but the achievements about the existence of nonoscillatory
solutions of the higher order neutral differential equations with time delay are less.

In [12] authors studied the neutral dynamic equation with positive and negative coefficients on
time scales

(2(t) — x(t — 7)) + p(t)(t — 0) — Q(t)x(t — 8) =0,

and obtained the sufficient conditions for the existence of the bounded positive solution and bounded
oscillatory solution of this equation.

In [13] authors discussed the following dynamic equation by Krasnoselskii fixed point theorem

(@(t) +p()z(g(t) " + f(t, 2(h(t)) = 0,

and obtained the criteria for the existence of nonoscillatory solution of this equation.
In [14] authors considered the n-order neutral differential equation

[2(t) + pa(t — 7)™ + flt,a(t — 1(t)), - - - x(t — 7(t))] = 0,

and gained the sufficient conditions for the existence of the positive solution of this equation as p # 1
and the necessary and sufficient conditions for the existence of the bounded positive solution of this
equationas p = —1.

In this paper, we consider the existence of nonoscillatory solution of the following forced n-order
neutral dynamic equation with time delay on time scales

[2(t) + (TN + flt2(51(1)), 2(32(8)), - - -, &(Gm ()] = 9(¢), t € [to,00)z,  (1.1)

where T is an no upper-bounded time scale, p, g € Cra([to, o0)T, R), T, ;i € Cra([to, o0)T, [to,00)T),1 =
1,2,--,m, f € C([to,o0)r X R™, R),to € T, and C,4 represents the set of all right dense continuous
functions.

According to the different values of p(t), we construct different special nonempty closed sets and
special operators in Banach spaces, and prove the existence of nonoscillatory solution of (1.1) by
using Banach fixed point theorem and extend the previous results. By giving special time scales, we
obtain the existence of nonoscillatory solution of the forced n-order neutral differential equation with
time delay. An exampile is also presented to illustrate the applications of the obtained results.

2 Preliminaries and Lemmas

A time scale is an arbitrary nonempty closed subset of the real numbers. Let T be a time scale.
For ¢t € T we define the forward jump operator o : T — T by o(t) = inf{s € T : s > t}, while
the back jump operator p : T — T is defined by p(t) = sup{s € T : s < t}, where inf() = supT
and sup® = inf T. If o(t) > ¢, we say that ¢t € T is right-scattered, while if p(t) < t we say that ¢
is left-scattered. Also, if ¢t < supT and o(t) = t, then ¢ is called right-dense, and if ¢ > inf T and
p(t) = t, then t is called left-dense. Points that are right-dense and left-dense at the same time are
called dense. Defining the set T" as following: If T has a maximum left-scattered point M, then
T" =T — {M}. Otherwise, T® = T. Assume f : T — R, t € T". If there is a constant «, for any
e > 0, and there is a neighborhood Ur(= (¢t — §,t + §) (T for some § > 0) of ¢, such that

|f(a(t)) = f(s) — alo(t) = s]| < elo(t) —s|,s € Un,
then we say that f is A differentiable at ¢, and the derivative is o, which is denoted by 2 (t). Similarly,

we can define n order A derivative f2" = (fAm1 )2, Other concepts and calculations on time scales
can be seen in [1-2].
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Lemma 2.1 [10] (Banach fixed point theorem) Suppose (X, p) is a complete metric space, Q2 is
a nonempty closed subset of X and T is a contraction mapping from Q to itself. Then T" has a unique
fixed point in Q.

Lemma 2.2 [15] Leta € T")b € T,a < b, t € T",t > a. Assume f : T x T" — R is
continuous and f(t,-) is rd-continuous in [a, o (t)]( f* denotes the derivative of the first variable).

Set h(t /ftTAT then h™(t) = /bfA(t VAT — f(o(t),1).

We say that a nontrivial solution of (1.1) is oscillatory if it is finally not positive or not negative,
otherwise we say that it is nonoscillatory. If all solutions of (1.1) are oscillatory, then we say that the
equation (1.1) is oscillatory.

For convenience, we list the following assumptions:

(Hy) 6i(t) < t,Vt € [to, 00)T, and te%i{r_l)oo 0i(t) = 00,1 =1,2,--,m;

(Hz) 7(t) < t,Vt € [to, 00)T, and lim 7(t) = o0;
(H3) 3G € Cry([to, o0)t, R), Go € R sit. G2 (1) = (1), vt € [to,00)r, _lim _G(t) = Go;
K

(H
-, m,t € [to,00)T, and 3b > 2, s.t. / (o(s) —to)" "' f(s,b, -, b)As < co.

to

if (6, x1, 2, xm) > 0, f(t, z1, 2, -, Tm) IS NoOt decreasing for each z; € R,i = 1,2, -

3 Main Results

We consider the Banach space
BClto, 00)tr = {z : € Crq([to,0)r, R), sup |z(t)] < co}

t€[to,00)T
endowed with the norm
|z ]l= sup [2(t)].
t€[to,00)T
The main results in this paper are the following theorems.
Theorem 3.1 Assume (H:) ~ (H4) hold, and there exist 0 < ¢1 < ¢2 < 1, such that ¢ <

p(t) < cg,and forall 0 < wiyvs < byt = 1,2, ,m, | f(t, 01,02, ,0m) — f(t,ur,u2, -+ -, um) |<
mf(t,b,b,-+,b) sup |wv; —u; | holds. Then there exists a bounded nonoscillatory solution of (1.1).
1<i<m
b(l — CQ)

Proof LetQ = {z:z € BC[to,oo)T,m < z(t) <b,Vt € [tg,00)r}. Clearly, Qis a
—C1

nonempty closed subsetin BC'[to, oo)r. From (H1) ~ (Ha), there exists sufficient large To € [to, 0o)T,
when ¢ € [Ty, co)T,

7(8) > t0,6:(t) > to,i = 1,2, -, m, (3.1)
G(t) — Go |< P20 e) (32)
L o s as < A (53)
Define the operator S : © — BC[to, 00)r as follows
4(%61)(3 4 — e — Beres) — p()a(r(t)+
(S)(t) = % (06 =07 (81 (5. (0a(5). - 0(60 (1) s + G(E) = Gt € [Ty, )
(S2)(Th), t € [to, To)r.
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Firstly, we prove SQ C Q. When t € [to, To)r, (Sz)(t) = (Sz)(Tv), so we only need to discuss

the case on t € [To, co)T.
From (Hj) and (3.1) ~ (3.3), for all t € [Tp, 00)r, z € 2, we have

(Sz)(t) > (34 c2 —c1—3cica) — c2b— ﬁ /TOO(U(S) —t0)" ' f(s,b,---,b)As

4(1 — Cl)
— | G(t) — Go |
> 4(1%;1)(3 ez — e —Berea) —eab— (1 - e2) = 3(b—2)(1 — ) = 28 = Z))
(52)0) < g7 b 53+ e - o= 3eics) - bgtf::;) + (n_l 5 /T (0(5) — to)" " F(s,b, - - b)As
+ | G(t) — Go |
< im b (342 — 1 —ercs) - bgl(f_‘cf;) + %(1 C o)+ %(b C2)(1— ) =b.
Therefore 12)((1 — 223 < Sz(t) < b, 50 SQC Q.

Secondly, we prove that S is a contraction mapping on . When ¢ € [to, To)r, | (Sz)(t) —
(Sy)(t) |=| (Sz)(To) — (Sy)(To) |, so we only need to discuss the case on t € [Tp, 00)r.

For all ¢t € [Ty, 00)r, z,y € Q, from (H4) and (3.1), (3.3),

| (Sz)(t) = (Sy)(8) [< p() [ 2(7 (1) —y(r(t)) | +ﬁ /too(a(s) — )" | f(s,2(81(5))
5 @(0m(s))) = f(5,9(01(5)), - - -, y(6m(s))) | As

1—co 1+ co
< — — =
<olle—yl+252 fa—yl= 1

ye

2=yl

so || Sz — Sy ||< 14 co ||z —y | . Thus S is a contraction mapping on € since 0 < ¢z < 1.
By Lemma 2.1, there exists = € Q, such that (Sxz)(t) = z(t) holds for all ¢ € [to, co)r. Therefore,

we have

=(0) +p(02(r(0) = g5

((;1_)n1_)! /w(v(s) — )" f(s,2(81(5)), 2(82(5)), - - -, (O (s))) As + G(t) — Go.
By Lemma 2.2, we obtain '

o)+ p(O(r(0))* = (s [ (006) = 075 001(5) 2 Ba(6)) - 20 () s + G2 )

3+ c2—c1 —3cic2)

A2 (_1)n+1 < n—3 A2
0y p0ar®)* = S [0 - 0" (6,006 ()2 Ga(6). 2B As + 6270,

495



Fan & Lu; BJIMCS, 5(4), 492-501, 2015; Article no.BJMCS.2015.035

O

Therefore z(t) is a bounded nonoscillatory solution of (1.1).

Theorem 3.2 Assume (H1) ~ (H4) hold, and there exist —1 < p1 < p2 < 0, such that p; <
p(t) < pa2,and for all 0 < w,v; < byi = 1,2, - - ,m,| f(t,v1,v2, -, om) — f(t,ur,uz, - - - um) |<
mf(t,b,b,---,b) sup |wv; —u; | holds. Then there exists a bounded nonoscillatory solution of (1.1).

1<i<m
Proof LetQ = {z: z € BC[to,o0)r, % < z(t) <b,Vt € [to,c0)r}. Obviously, Q2 is a
2

nonempty closed subset in BC'[to, oo)r. From (H1) ~ (Ha), there exists sufficient large Ty € [to, 0o)T,
when ¢ € [Ty, co)T,

7(t) > to,6:(t) > to,i = 1,2,y m, (3.4)
(D)~ Gy |< L=20EP), (3.5)
oy e T e as < (3.
Define the operator S : Q — BCl[to, co)r as follows
BEP) ey
(52)(®) = % / T(0() = 1" F(s,2(61()), 2(62(5)), - 2(8,0(5)))As + G() = Gyt € [T, 00

(Sz)(To), t € [to, To)-

Firstly, we prove SQ C Q. From (H4) and (3.4) ~ (3.6), for all t € [Ty, 00)t, = € €2, we have

(so)t) = 22 1278 iii G - 1)l /:w(s) —10)" " f(s,b,- -, b)As
—1G@)—Go|
3b(1 + p1) b(l+p1) 1 (b=2)1+p1) _ b(1+p1)
e TS b IRt O 1 T 2(1+p2)’
o)) < PEEP) gL [ (o) = 0 b0
+ | G(t) — Go |
< 73”(11101) —pib+ %(1 )+ 2220 Fp0) 2)21 e _y,
Therefore 21
B < (s <
so SO C Q.

Secondly, we prove S is a contraction mapping on Q. For all t € [Ty, 00)t, 2,y € Q, from (Ha)
and (3.4), (3.6), we obtain

| (S2)(t) — (S)(t) <] p(t) || =(r(8)) — y(r(t)) | +ﬁ / T(o(s) = "1 | £(5,2(5:(s))
2B () — F(5.5(B1(5)), - y(Bm(s))) | As

1+p1 _1-—p
gy =

<S-pillz—yl+ Iz =yl

1-— . . . .
so || Sz — Sy ||I< Tpl ||z —y | . Hence S is a contraction mapping on 2 since —1 < p; < 0.
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By Lemma 2.1, there exists z € Q and (Sz)(t) = z(¢) holds for all ¢t € [to, c0)r.
Finally, by Lemma 2.2 and simple calculation, x(¢) is a bounded nonoscillatory solution of (1.1).0

Theorem 3.3 Suppose that (H1) ~ (H4) hold, and 7 is a monotone increasing mapping, and
there exist d1 < d2 < —1,s.t. (1 —b)d2 + d1 > 0,d1 < p(t) < dz, and for all 0 < w;,v; < b,i =
1,2, my| f(t,v1,v2,,om) — f(t,ur, uz, -, um) |[<mf(tb,b,---,b) sup |wv; —u, |holds. Then

1<i<m
there exists a bounded nonoscillatory solution of (1.1).
Proof LetQ = {z : © € BCJty,00)T, ;’8:22)) <z(t) < bVt € [to,00)r}. Then Q is a
nonempty closed subsetin BC'[to, oo)r. From (H1) ~ (Ha4), there exists sufficient large T € [to, co)T,

whent € [T()7 OO)T,

T(t) > to, 7 (t) > to,8i(t) > to,i=1,2,---,m, (3.7)
(dg =+ 1)(d1 +ds — bdg)
| G(t) — Go [< 5(ds + o) ; (3.8)
- - -1—d
ﬁ /*1(T )(U(S) - tO)n lf(sab7 o 7b)AS S % (39)

Define the operator S : 2 — BCltg, co)r as follows

1 b(d2 + 1)
p(r7(t) " di+d2

L) —atr o)+

(di +

(S2)(t) =4 |\t peo
%/ (0(s) =7 18" T f(s.2(81(5)), - -, 2(8m(5))As + G(r ' (¢)) — Gol. t € [To,
(n 1) T=1(¢)

(Sz)(To), t € [to, To)r.

Firstly, we prove SQ2 C Q. From (H,) and (3.7) ~ (3.9), for all ¢t € [Ty, o),z € Q,

1 b(d>+1) do b(1 + d2)
S2)) = T ) - s aran
1 1 ~ n—1 S 41 —
T T s 700000894 gy | 660Gl
S 1 b(d2+1) d da 1 b(1+d2) do+1 1 (d2 +1)(d1 4+ d2 —bd2)  b(1+d2)
= di d1+d2(1+7)]_a2(1+d1)_ 2y | da 2(dy + da) T2(1+dy)’
1 b(da+1) ds 1 1 1 o0 et
(S2)0) < G g g, 4 5= G0 Sy G s gy 70 10" s
1
@) | G(t) — Go |
1 ,b(d2+1) da 1 d2+1 1 (d2+1)(di+d2—bda)
= dyt dy +do (d1+7)}_d72b+ 2dy  dy 2(d1 + d2) =0
So
b(1 + d2)
m <z(t) <.

Therefore SQ C Q.
Secondly, we prove S is a contraction mapping on Q. For all ¢t € [Ty, 00)t, 2,y € Q, from (Hy)
and (3.7), (3.9), we obtain

| (S2)(B)—(Sy) (1) |<| ] 22 (1) =y (@) |+ /°° (o(s) — 72 ()"

(n =1 Jo—1(zy)

p(r=1() ())
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| f(s,2(61(5)), - -, 2(0m(s))) = f(5,5(61(5)), - - -, y(Om(s))) | As ]

ol ey = 2
—2ds YI= "o,

lz =yl

1
< = _
<—la-yl+

da —
- <
Hence || Sz — Sy ||I< 2,

From Lemma 2.1, there exists « € Q and (Sz)(t) = z(¢) holds for all ¢ € [to, c0)r.
Finally, by Lemma 2.2 and simple calculation, x(¢) is a bounded nonoscillatory solution of (1.1).0

1 . . . .
| = —y | . Thus S is a contraction mapping on Q since d> < —1,.

Theorem 3.4 Suppose that (H1) ~ (H4) hold, and 7 is a monotone increasing mapping, and
there exist g2 > q1 > 1,5.t. ¢F > q2,b(¢? — q2) > (g2 — 1)(q1 + ¢2), 1 < p(t) < g2, and for all 0 <
ui,v; < bt =1,2,---,m, | f(t,v1,v2,-~~,’Um)—f(t,u1,u2,--~7um) ‘S mf(tvbvbv"'7b) sup | Vi —Us |

i<

1<i<m
holds. Then there exists a bounded nonoscillatory solution of (1.1).
2 J—
Proof LetQ = {z: x € BCto, o0)r, 242001 — 42)

2q1(q5 — q1)
nonempty closed subset in BC'[to, oo)r. From (H1) ~ (Ha4), there exists sufficient large Ty € [to, 0o)T,

whent € [To7 OO)T,

< z(t) < b,Vt € [to,00)r}. Clearly, Qis a

T(t) > to, 7' (t) > to, 8i(t) > to,i =1,2,---,m, (3.10)
| G(t) — Go |< M[mf — @b~ (a1 — D(a + @), (3.11)
1 >~ n—1 q1 — 1
m /r*l(TO)(U(S) — to) f(s,b,---,b)As < om (3.12)

Define the operator S : @ — BClto, co)r as follows

1 bgo (7 —g2)(@2+1), ot
p(T*(t)){m +q2 I+t 2(¢5 — q1) Jmalr o)
(Sl‘)(t) = (_1)”71 oo 1 1 1
] / (o(s) =77 ()" f(s,2(d1(5)), - - -, 2(dm(s)))As + G(r7 (t)) — Go}, t € [To, 00)r;
(n=1! [

(Sz)(To), t € [to, To)r.

Firstly, we prove SQ C Q. From (H.) and (3.10) ~ (3.12), for t € [To, 00)1,x € £,

(Sm)(t) > i bq2 [1 +aq1 4 (Q% - Q2)(q2 + 1)} _ i

T eate 2(¢5 — q1) «
1 1 = n—1 DA Y _
@) = 1)t /rl(TO)(U(S) —t0)" " f(s,b,- -, b)A C=To)) | G(t) — Go |
(¢ —g2)(g2+1), b q@—-1 1 R
. [1+aq+ 30 — an) ] P PR ey [(q1 = a2)b — (a1 — 1)(q1 + g2)]

_ baz(qi —q2)
2¢1(¢5 —q1)’

1 bge (67 —a2)(g2+ 1),  baa(qf — g2)
(52)(®) < q11q1 + ¢2 [11+ “ +OO 2(¢3 —q1) } 201(a3 — 1) X
T T . o (T O T b DA 160~ G |
bgs (7 —q2)(g2+1);  blef—g2) K q—1
= (g + q2) o 2(¢5 —q1) } 2¢1(¢5 — q1) * 2q1
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1 2
e (G —q)b— (n — (g1 + @2)] = b.
e +q2)[(q1 )b — (@1 — D)(q1 + ¢2)]

Therefore ( ) )
bg2(qi — q2
=2t 2 Zx(t) < b
2q1(¢5 —q1) — ®) <

So SQ C Q.

Secondly, we prove S is a contraction mapping on Q. For t € [To, c0)r, z,y € Q.,from (Hs) and
(3.10), (3.12), we have

1 —1 _ 1 > ols _T—l n—1
[ (SD)O-(59)0) 1< S5 [12( 0) v O) |+, /7%)( ()= 7' (#)
| F(5,2(51(5)) - - 2(0m(5)) — F(5,9(B1()), - y(6m(s))) | As]
sqilnm—yn L -y l= ey

1 . . . .
Thus || Sz — Sy ||< (11274_ || = —y || . Therefore S is a contraction mapping on Q2 since ¢1 > 1.
Q1

From Lemma 2.1, there exists € Q and (Sz)(t) = z(¢) holds for all ¢ € [to, c0)r.
Finally, by Lemma 2.2 and simple calculation, x(¢) is a bounded nonoscillatory solution of (1.1).0

As an application of Theorem 3.1 ~ Theorem 3.4, we can obtain several relevant results on the
following special time scale.
When T = R, the equation (1.1) is the following differential equation

[2(t) + p()x(r(E)]" + F[t, 2(51(1)), 2(02(1)), - - -, 2(5m (t))] = g(#), ¢ € [to, 00)r, (3.13)
where to € R, p, g, T, 0; € Cra([to,o0), R),i =1,2,---,m, f € C([to,0) X R™, R).
The assumptions (H:) ~ (H,) are the following (H;) ~ (H.,)
(H

1) i(t) < t,Vt € [to,00), and tlir{)lo&-(t) =o00,i=1,2,---,m;
(Hy) 7(t) < t,Vt € [to, ), and Jlim () = oo;
(H3) 3G € C™(Jto, ), R), Go € R, s.t. G (t) = g(t),Vt € [to, 00), lim G(t) = Go;
(H;) zif(t,x1, 2, - -, Tm) > O,f(t,ogil,{lfg,' - -,Zm) IS not decreasing for each z; € R, i =

1,2,--+,m,t € [to,00), and Ib > 2, s.t. / (s —1t0)" " f(s,b,---,b)ds < .
to
In Theorem 3.1 ~ Theorem 3.4, the conditons (H1) ~ (H.) are replaced by (H,) ~ (H,) and
other conditions are not changed, then there exists a bounded nonoscillatory solution of (3.13).

4 Applications

We consider the fifth-order forced neutral dynamic equation with time delay on T = [2, c0)

o) + (5 + ot = D + (0D 4 ot — 1) = — 7, (11)
where m = 1,n = 5, p(t) — % + %,T(t) — St =t —1,g(t) = —t%,to _o,
(6 (0)) = (G 4 e - )
Let b > 2, we have
4 _ 4, 119(s — 1) 160 1196 160b
(s —=2)"f(s,0) = (s = 2)7] ST +5(S_1)5]b< 52 +(s_1)2’
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and

/ 1195 1600 )ds < o.
2

( 52 (s—1)2

Therefore the conditions of Theorem 3.1 are satisfied and there exists a bounded nonoscillatory

solution of (4.1). In fact, z(t) = } + 1 is a nonoscillatory solution of (4.1).

5 Conclusions

In this paper, we obtain several existence theorems of nonoscillatory solutions of a class of higher
order forced neutral dynamic equations with time delay on time scales and give an example to
illustrate the applications of the obtained results.
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