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Abstract

In this paper, we study existence, and the asymptotic behavior, with respect to A, of positive radially
symmetric solutions of

—Apu = Ah(z,u)

in annular domains in R™, N > 2. The nonlinear term has a superlinear local growth at infinity, and
is nonnegative.
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1 Introduction and Main Results

We study existence and the asymptotic behavior with respect to A of positive solutions of the problem

{_Apu = )\h(cc,u)7 in Q? (AA)

u=0, on 9%,

where Q = {z € RN : r < |z| < r2} With 0 < 71 < 72, Apu = div(|Vu|P2Vu) (1 < p < N) is the
p-laplacian, and where A > 0 is a real parameter and h is a radial nonnegative nonlinearity which is
locally superlinear at +ooc.

In recent years, the existence, non-existence, asymptotic behavior and uniqueness of the positive
solutions for the following quasilinear eigenvalue problems

{ —Dpu=Af(u(z)), x€Q;

u(z) =0, x € 09, (B)

have been studied by many authors. In [1] Maya and Petr proved nonexistence results for when Q is a

unit ball in RY and f has only one zero. In [2], nonexistence and existence results are proved when

is a connected and bounded subset of R”. [3] studied elliptic systems related to (B, ) and proved the

existence of positive solutions to (B, ) in some sublinear cases. The result of nontrivial solutions for p-

Laplacian systems be proved by [4]. When f is strictly increasing on R™, £(0) = 0, liré1+ f(s)/sP ! =
Ss—>

0and f(s) < a1+ a2s*,0 < u < p—1,a1,2 > 0, it was shown in [5] that there exist at least
two positive solutions for Egs (Bx) when X is sufficiently large. If lim+ inf f(s)/s"~" > 0, f(0) = 0
s—0

and the monotonicity hypothesis (f(s)/s?~")’ < 0 holds for all s > 0, it was proved i n[6] that the
problem (B, ) has a unique positive solution when X is sufficiently large. Moreover, it was also shown
in [7] that problem (B,) has a unique positive large solution and at least one positive small solution
when ) is large if f is nondecreasing; there exist a1, a2 > 0 such that f(s) < a1 4+ a25?,0 < 8 <
p—1; lim ;‘(75) 0, and there exist T, Y > 0 with Y > T such that

s—0T p—1 -
(f(s)/s"™") >0 for s € (0,T)

and
(f(s)/s"~1) <0 for s> Y.

Recently, [8] considered the case when 2 is an annular domains, and obtained the existence of
positive large solutions for the problem (B,) when X sufficiently small. [9] proved the singular problem
(B») has a unique positive radial solution if f is a continuous function and positive on Q = B (here
Br is a ball). The existence of entire solutions for (B,) with singular and non-singular has been
considered in [10].

When p = 2, f(0) < 0, Q is an annulus or a ball and f has more than one zero, the related
results for the problem (B ) have been obtained by [11] and [12]. In [13,14], when p = 2, f(0) < O, f
is @ monotone nondecreasing nonlinearity and has only one zero, this problem has been studied by
[13] in the ball, and by [14] in the annulus. The asymptotic behavior of positive solution have been
obtained by [15,16].

When p = 2, the existence, multiplicity, and the behavior of positive radially solutions of (A»)
has been studied extensively, see for example [17] and the reference therein. When Q2 is a bounded
domain of R, (A,) is studied in [18] by the same authors as [17].

Motivated by the results of the above cited papers, we shall attempt to treat such equation (A.x),
the results of the literature [17] are extended to the problem (A»).
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In fact, in order to study the solution of (Ax), one can make a standard change of variables. In
the case N > p+ 1, if t = ——x— 5=y + B and v(t) = u(r), where

(rira) >t N:f
r17T2) P~ To
A= 5% ad B= R
p—1 p—1 -1 —1
T2 -7 Ty -7

then Problem (A,) transforms into the boundary value problem for the ODE

{(| P2 0) + M0 v() =0, te0), (P
(0) = (1) =0
where _—
A 11\)7;7;; _ N_p 1—p A Ij)viip
) == ¥ () and o) = (=)™ gy

T1

In the case N = p, one sets r = Tz(%)t and v(¢t) = u(r), obtaining again the Problem (P, ), this time
)',v(t)) and q(t) = [ra(2)" (In =

with
F(tv) = hir2( 5 )

Note that, in both cases, the function ¢(¢) is well defined, continuous and bounded between positive
constants in the interval [0, 1].

For our purpose, we shall restrict our attention to the ordinary boundary value problem (Py),
where the function ¢(t) is continuous and positive on the interval [0, 1], while for f we consider the
following assumptions:

(H1) The function f : [0,1]x[0, +00) — [0, 4+00) is continuous, f(¢,0) = 0and f(¢,v) > 0ifv > 0.

(H2) There exists a continuous function b : [0, 1] — (0, +oc0) such that

lim, o+ 2% = b(¢) uniformly in t € [0, 1.

(Hs) There exist positive constants 0 < a < 8 < 1 such that

limoys oo L% = oo uniformly in ¢ € [a, 3].

Before stating our results, we need to introduce some notations. Let m : [0,1] — R be a
continuous function and consider the eigenvalue problem

{ (W' O~ (1) = Am(B)|u()P~?u(t), in (0,1),
(0) = v(1) = 0.

In particular A1 ., > 0 is called the first eigenvalue of (1.1) and the associated eigenfunction will be
denoted by ¢1,m. Itis known that ¢1,,, > 0. Then, A ., satisfies

(1.1)

~(1mOF ¢, m() = Amm()9] 0 (), in (0,1), 1.2)
$1,m(0) = ¢1,m(1) = 0.
In addition, we have
1 1
/ [v' () [Pdt > Al,m/ m(t)|v(t)|Pdt forany v € H(}(O7 1), (1.3)
0 0
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where the equality holds if and only if v is a multiple of ¢1 .

Since ¢(t) and b(t) are continuous and positive in [0, 1], there exist C; (i = 1, 2,3,4) > 0 such that

max ¢(t) = C1, max b(t) = Cs,

te[0,1] te[0,1]
in q(t) = C in b(t) = C4.
tgég]q() 3 min (t) =Cs

The main results in this paper are the following theorems.

Theorem 1.1. Suppose f(¢,v) satisfies the hypotheses (H1) ~ (Hs). Then there exists a positive
solution of Problem (P, ), for every 0 < A < \*, where \* = m

Theorem 1.2. Suppose f(t,v) satisfies the hypotheses (H1) ~ (Hs3) and {v,} is a family of
positive solutions of Problem (Py). Then one has

[valles — +oo when XA — 0.
The paper is organized as follows. In Section 2, we establish some notations, as well as some
basic facts, and we state some known results that will be used in the paper. Section 3 contains the

proof of the solution for A\ small (Theorem 1.1), a Krasnoselskii fixed point theorem is used. Finally, in
Section 4, we study the asymptotic behavior of the solutions (Theorem 1.2).

2 Preliminaries
We consider the Banach space X = C([0, 1]) endowed with the norm ||v||ec = max;¢o,1] [v(t)|. Set

P71l s >0,
—(=s)P"1 5 <0,

Op(s) = |s|"*s = {

then

Let v be a solution of (P,), then

o(t) = {fé O, L (A [2 q(r)f(r,v(r))dr)ds, 0<t<o, o

— [RO (A2 q(r) f(r,0(r))dr)ds, o <t <1,

where o € (0,1) is the unique solution of the equation ©v(t) = 0, 0 < ¢ < 1, where the map
O : X — X is defined by

Ou(t) = tqfl A t : dr)d lqu a dr)ds. 2.2
o(t) /0 o ( /S q(7) f(1,v(7))dT) s—i—/t » ( /t q(1)f(r,v(7))dr)ds (2.2)
Conversely, if v is a function satisfying (2.1), then v is a solution of (Py).

It is easy to see if v(¢) is a nonnegative solution of Problem (Py), then it is a concave function. In
view of this fact, we define @ be a cone in X by

Q ={v € X : vis concave and v(0) = v(1) = 0}.

432



Liu & Yang; BUIMCS, 5(4), 429-438, 2015; Article no.BJMCS.2015.030

Let T: Q@ — X be defined by

Tty = {0 & O ST a(Df(ru(m)dnds, 0<t <o,
=Sl A LD a(n) f(ryu(r))dr)ds, o <t <1

p

By virtue of Lemma 2.1, the operator T' is well defined. Then its nontrivial fixed points in Q correspond
to the positive solutions of Problem (P ).

Lemma 2.1. Assume (H,) holds. Then for any v € @, ©v(t) = 0 has a unique solution in (0, 1).

Proof. Let a(r) = Aq(7)f(r,v(7)), then a(r) > 0 for 7 € (0,1). Therefore, ©v(0) < 0 and
Ov(1) > 0. It follows from the continuity of ©u(¢) that ©v(¢) = 0 has at least one solution in (0, 1).
Moreover, it is not difficult to check that ©v(t) is nondecreasing function on [0, 1].

If o1, o2 € (0,1) are two different solutions of ©v(t) = 0, and without loss of generality, we
assume that o1 < o2. We consider

/{:2 @;1(/:2 a(r)dr)ds = /002 @;1(/:2 a(r)dr)ds — /001 @;1(/:2 a(r)dr)ds

3/002 @;1(/502a(7)d7)ds—/001 @;1(/:1 a(r)dr)ds.

Now, because of Ouv(o1) = Ouv(o2) = 0, we have

/: @;1(/:2 o(r)dr)ds < /; o (— /Ul a(T)dT)ds/d: oL (— /02 o(r)dr)ds

D) S
/ @;1(7/ a(r)dr)ds < 0,
o1 o1

which is contrary to f;’f @, ([7? a(r)dr)ds > 0. Therefore, o1 = 02, and Ou(t) = 0 has the unique
solution.

IA

Now we state the following well-known result without proof (compare [19]-[23]).

Lemma 2.2. Let X be a Banach space endowed with a norm || - ||, and let @ C X be a cone in
X. For R > 0, define Qr = {v € Q : |v|| < R}. Letr and R be numbers satisfying 0 < r < R.
Assume that T': QQr — @ is a completely continuous operator such that

|Tv]| < ||v||,for all v € 8Q, and ||Tv|| > |jv]||,for all v € OQr, or
|Tv] > ||v||,for allv € 8Q, and || Tv| < ||v|,for all v € OQr,

where 0Qr = {v € Q : ||v|| = R}. Then T has a fixed point v € @, with » < ||v|| < R.
We also state some elementary properties of concave functions.

Lemma 2.3. Given a function v in the cone @ and a point p € (0, 1), the following estimates hold:
L b t < b L 7 t b
(@) vit) > { 1) P and (i) o(t) < 4 200> 1>
Tl;v(p)7 t> p, 1—p (p)7 t< D-
Moreover, for all 0 < tg < t1 < 1, we have

(#@d) min w(t) = cooey [|v]|oo,
t€[to,t1]
where ¢y ¢, := min{to,1 —t1}.

Proof. The proof is same as [17].
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3 Proof of Theorem 1.1.

In this section we will show the existence of a solution for A € (0, \*), by verifying, in the next three
lemmas, the hypotheses of Lemma 2.2.

Lemma 3.1. T : Q — Q is a completely continuous operator for A € (0, \*).

Proof. It is obvious that T(Qz) C Q. We now show that 7' is compact. Let {vn}ren be a
bounded sequence in @ and let R > 0 be such that ||v,|| < R for all n € N. Hence by the definition

of T, we have
(Ton) (6) = {cppi(x 7 ?(T)f(T, vn(7))dr)ds, 0<t< o,
O, (=S q(r)f(r,on(7))dr)ds, o <t <1

Then it is easy to see that {Tw, }nen and {(Tv,) }nen are uniformly bounded sequences. It follows
from the Ascoli-Arzela theorem that T is relatively compact.

It remains to show the continuity of 7'. Let v,,, v € @, and v,, — v uniformly on [0, 1]. We need
to show that T'v,, — T'v uniformly on [0, 1]. We have

Tv, —Tv

_ {fg[@;l()\ f: q(7)f (T, vn(7))d7)ds — @;1()\ f: q(7)f(r,v(7))dr)]lds, 0<t<oa,
ftl [CD;I(*/\ f; q(7)f(r,v(r))dr)ds — @;1(7/\ f; q(17)f(r,vn(7))d7)]ds, o <t <1.

Pay attention to ®, ' is continuous, then T': @, — @ is continuous. The proof is completed.

Lemma 3.2. Suppose conditions (H1) and (Hs) hold. Let || - || be a norm on C([0,1]) which
is equivalent to || - |- Then, for all A, K > 0 there exists R > 0 such that, for all A > A and all
ve{veEQ:|v| > R}, we have

[To]| > Kf|v]|.

Proof. Without loss of generality we will give the proof using the norm || - ||. By hypothesis
(Hs), given M > 0, there exists N > 0 such that v > N implies f(s,v) > Mv?~!, forall s € [a, §]. By
estimate (ii4) in Lemma 2.3, v(s) > ca,g||v||s for s € [, B]. Then, if we choose ||v||cc > R > CiVB
we have ‘

f(s,0) 2 M(ca.pllvlloe)"
Note, from the definition of T'w(t), that Tw(o) is the maximum value of Tw(t) on [0,1]. If o € [1, 2],
we have

Fls,0) 2 M(Zllollo)” .
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So,

2[|Tvl|o

-

> / "5 / a0 o()dryds - [ oo / " g(r) f(r,0(r))dr)ds

/ / / )dT)P Tds

2/ (A / CoM(fllolc)"~ dr) 7T ds + / ‘i / C3M<i|\v||oo>p-1dr>flds
i s o o

1 1

K

Q

b\@

(r,v(7))dr)P=1 1ds+/

o 3

[v]]oc (AC5 M) /(a—s)fhdﬁinvuw(/\@m : /4(s—a)p Tds
1

1

-1 1 1

P (ACsM)7T (o — )

=14 (5~ ) 7ol
and
p—1 _1_ 1, _»_ 3 _p_
ITvllo > Fm(ACsM) 7= [(0 = )77 4 (7 = 0) 7T [0
P
By setting M > (2 K)P ' (ACs) [0 = 17T + (3

—0)7-1]'7P, one obtains ||Tv||ec > K||v]co
Foro € (2,1), itis easy to see

3

7ol > [ artn C

7,v(7))dT)ds.
4
On the other hand, we have

1Tl > — / Torl(oa / ") £ (ryv(r))dr)ds
if o € (0,

4

1)- Therefore, similar arguments show that || 7v||oc > K||v]|cc-

Lemma 3.3. Suppose conditions (H1) and (H>) hold. Then, for all A € (0, \*), there exists a
norm || - || equivalent to || -

|lso and r > 0 such that, for allv € {v € Q

|lv]]« = r}, we have
1Tofl« < lvll
Proof. We consider the norm

. [[0]lo
= = inf{¢ : o+ E)>v}= ,
ol = ol = inf{€ - &(lbnanllo + B) 2 0} = o 2=
which is equivalent to || - ||

By hypotheses (H:) and (
f(s,v) <

2), there exists a ¢
[v|z = r implies ||v||ec < ¢

d(s) > 0 suchthat 0 < v < § implies
(1 + e)b(s)vP~ ! for all s € [0,1]. Let r > 0 be such that 7(||¢1,g]/cc + E) < 6, so that
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If v € Q with |v|g = r, we have when 0 < ¢t < o,
Tu(t) = A 0 T)f(r,v(T))dT ﬁds
(1) /0(/Sq()f( (r))dr)
o Pb(r)wPrdr) 7 1d
</0< /s<+s>q(><>v )P ds

Pt

— _1_
o Byt (ol + ) dr) 7 ds
»q0 100

— @+ ([T amnen;

t
< (14 8)CLCA) 7T (|$r.ablloe + E)v] / (0 —s)71ds
0

-1 _» D
=2 7T — (0 =7 (1wl + B ol

< ([I61,plloc + E)[v|5-

Therefore |Tv|g < |v|g. Itis similar for o < ¢ < 1. Thus, |Tv|g < |v|g forall t € [0, 1].

Proof of Theorem 1.1. By Lemma 3.2 and 3.3, there exists A € (0, A*) such that the above
conclusions hold. So combined with Lemma 3.1, the existence of the positive solution is a consequence
of Lemma 2.2 (using the equivalent norm || - || = | - |z from Lemma 3.3).

4 Proof of Theorem 1.2

In this section we will study the asymptotic behavior of the positive solution of Problem (Py) with
respect to the parameter A sufficiently small.

Proof of Theorem 1.2. Suppose by contradiction that there exists a sequence A\, — 0" and a

constant ! > 0 such that ||vx,, || < I. By the continuity of f and (H-), there exists a positive constant
C such that f(t,v) < CvP~' for0 < v < 1. Then, when 0 < t < o,

o, (1) = /Ot(An /SU q(T)f(T,vx, (T))dT)ﬁdS
< (07 /0 K / T g () dr) 7 ds

IA

1 t 1
(OO or, s [ (o= 5) 7T ds
0

-1 1 _p_
pT(AnCCl)Pil 77T [oa,lloo,

IN

therefore,

1< P2 locoyitert,
p

but this is impossible, since A, — 07. Similar arguments are for ¢ < ¢ < 1. S0 ||[va]|ec — 0o when
A—0t,
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