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Abstract

In[1] and [3] we can find some formulas of binomial combinatorial convolution sums involving divisor
functions. Starting from these formulas, we obtain a multinomial combinatorial convolution sum.
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1 Introduction

Let N denote the set of positive integers. Furthermore let N,d € Nand s € NU {0}. Throughout this
paper, we define

os(N) ::st, oy (N):= Z d®,
o Vi odd

(a)v :i=(a)(a—1)---(a— N+1).

We can deduce the property

gi(2N) = 2°0%(N). (1.1)
For example, we can see that
N-—-1 1
> oi(m)oi(N —m) = 1 (03(N) = Noi(N))
m=1

in [3] [Example 12.4]. We introduce very important Proposition 1.1 and Proposition 1.2, which is
the starting point of our paper.
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Proposition 1.1. (See [3] [Theorem 12.3]) Letk, N € N. Then

k—1 ok N—-1
O2k—25—1(M)02541 (N —m)
o 2s+1 =

k 1 2k + 1
= m02k+1(N) + <g — N) ook—1(N) + 1 JZ ( 9 >B2j0'2k+1—2j(N)-

k
P

Proposition 1.2. (See [2] [Theorem 10])
Letl, N € N with 8| N and define

12
C .= {(ml,mg,---mu,mw) e N¥?| Zmi =N, 2|(m1+m2), 2|(ms+ma),

i—1
2|(ms +me), 2|(m7+ms), 2|(mg+mio), 2[(mi1+mi2),
4|(m1 + ma +ms +ma), 4|(ms + me + mz + ms),

8|(my + mio + mi1 + mi2)}.

Then for odd positive integers a;, we have

Z (a1 + az2)(as + a4)(as + as)(ar + as)(ag + ai0)(ar1 + ai2)

E%il a; =21
a; odd

X (a1 + a2 + az + as — 3)(a1 + a2 + a3 + a4 — 2)(as + as + a7 + as — 2)

21
><(a9+a1o—|—a11+a12—2)( >

ai, az,as, a4, as, as, ar, as, ag, a10, a11, 12
(_1)m1+m3+m5+m7+m9+m11
x>
(m1 +ma)(ms + ma)(ms + me)(m7 + ms)(mo + mao)(ma1 + mi2)

c
(-1
(m1 4+ ma + ms + ma)(ms + me + mz + ms)(mo + mio + mi1 + Mmi2)

12
X H o, (m;)
i=1

= 27210 {o3r-o(N) = 8N3i 11 (N)}

m1+m21m3+m4+m1;m2+m5;m6+m9+2m10

Similarly, getting an idea from Proposition 1.2, we obtain a multinomial combinatorial convolution
sum as follows :

Theorem 1.1. Letl, N € N with 16| N and define
D .'={(m1,m2,~-~m23,m24) €N24|Z?ilmi:N, 2|(m1—|—m2), 2|(m5+m4),
2|(ms +me), 2[(m7+mg), 2|(mg+mi), 2|(mi1+miz),
2|(mis + maa), 2|(mis +mae), 2[(mir +mas), 2|(mie + mao),
2|(ma21 + ma2), 2|(mas +maa), 4|(m1+ ma+ ms+ ma),
4|(ms +me + m7 +mg), 4|(mo + mio + mi11 + ma2),
4|(mas + mia +mis + mas), 4|(mi7 + mis + mig + mao),
4|(ma21 + maz + mag + maa), 8|(m1 + ma + m3 + ma + ms + me + mz + ms),
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8|(mo + mio + mi1 + miz + miz + mia + mis + mas),
16|(m17 + mas + mig + mao + ma1 + Moz + Moz + moa)} .

Then for odd positive integers a;, we have

Z (a1 + a2)(as + as)(as + as) (a7 + as)(ag + ai0)(a11 + a12)

?il a; =21

a; odd
X (a13 + a14)(a15 + a16)(a17 + a1s)(a19 + az0)(az1 + az2)(azs + az4)
X (a1 + a2 + as + a4 — 2)(as + as + a7 + as — 2)(ag + a10 + a11 + a12 — 2)
X (a13 + a14 + a15 + a16 — 2)(a17 + a1s + a19 + a20 — 2)(a21 + a22 + a23 + az4 — 2)
X (a1 +a2+as+as+as+as+ar+as—7)
X (a1 + a2 + az + a4 + as + as + a7 + ag — 6)
X (a9 + a0 + a11 + a12 + a13 + a14 + a15 + a1 — 6)
X (a17 + a1s + a19 + a20 + a21 + a2z + a3 + a4 — 6)
y ( 21 >
ai,az,as, a4, as, as, ar, as, ag, aio, aii, a1z, ais, di4, ais, adie6, A17, A18, @19, A20, 21, 422, A23, A24
% Z(_1)m1+m3+m5+m7+m9+m11+m13+M15+m17+m19+m21+m23
D

x (—1)

mq+mo+mg+my+myg+mgt+my+mg n mq+mo+mg+my
8 4

motmyigtmyitmyg | myztmygtmygtmag
P 1

x (=1)

mytmotmstmetmgtmygtmygtmygtmygtmigtmogtmog
2

x (—1
" 1

(m1 + m2)(ms + ma)(ms + me) (m7 + ms)(mo + mio)(mi1 + mi2)

1
(m13 + mua)(mis + mue) (mir + mis)(mig + mao)(ma1 + maz)(mas + may)
1

X

(m1 4+ ma + m3 + ma)(ms + me + mz + ms)(mo + mio + mi1 + mi2)

1

X

(m13 + mis + mis + mig)(mi7 + mig + mig + mao)(Mmea1 + maz + mas + may)

1

X

(m1 4+ ma + ms + ma + ms + me + my + ms)

1
(mg + mio + mi1 + maz + mas + maia + mis + mae)

1 ) HU; (my)

(m17 + mas + mig + mao + ma1 + Moz + Mmas + Moy el

=27"(20)22N {03121 (N) — 16No3_o5(N)} -

(1.2)

2 Proof of Theorem 1.1

It is similar to Proposition 1.2. From 16|N, we have 8|%. Let a1 + az = 2k1, a3 + a4 = 2ks,
as + as 1= 2k3, a7 + ag = 2k4, ag + a10 := 2ks, a11 + a12 1= 2ke, a13 + a14 := 2kv, a1s5 + a6 := 2ks,
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a17 + a1s := 2kg, a19 + azo := 2k10, a1 + a2z := 2k11, as + a24 := 2k12. And the condition

24
D= {(ml,mz, comaog,maa) €N D Tmi =N, 2(ma+ma),  2|(ms + ma),
=1

2|(ms +me), 2|(m7+ms), 2|(mg+mio), 2[(m11+mi2),

2|/(mis +mia), 2[(mis +mig), 2|(mir +mas), 2|(m19 + mao),

2|(ma1 + ma2), 2|(ma3z + mas), 4|(m1+ ma+ms+ ma),

4|(ms + mg + m7 +ms), 4|(moe + mio + mi1 + mi2),

4|(ma3 + mia + mis +mae), 4|(mi7 + mis + mig + mao),

4|(ma1 + maz2 + mas + mas), 8|(m1 + m2 + ms + my + ms + me + mr + ms),
8|(mg + mio + mi1 + miz2 + miz + mia + mas + mas),

16|(m17 + mas + mig + mao + ma1 + maz + maz + maa)}

shows us that

m1 +ma = 2N1, m3+mg=2N2, ms5+me=2N3,
my7 +mg = 2Ny, mg + mio =2Ns, mi1+ mi2 = 2N,
mi3 +mis = 2N7, mis +mie = 2Ng, mi7 + mig = 2Ny,

mi1g9 +moo = 2N19, Mmo1 + ma2 = 2N11, ma3 + mas = 2N12

and these facts and the leaving conditions of D lead that

12
N
E = {(N1,N2,"'N11,N12) EN?|Y Ni= 50 2(N1+N2), 2|{(Ns + Na),
i=1
2|(Ns + Ns), 2|(N7+ Ng), 2|(Ng + Nio), 2[(Ni1+ Ni2), (2.1)

4|(N1 4+ N2 + N3 + N4), 4|(Ns + Ng + N7 + Ng),
8|(No 4+ N1o + N11 + Ni2)} .

Considering (2.1), we can write (1.2) as follows :
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Z (a1 + az2)(as + aa)(as + as) (a7 + as) (a9 + a10)(a11 + ai2)

24 a;=21
a; odd

a3 + a14)(a15 + ai6)(a17 + a1s) (a9 + az0)(az1 + az2)(azs + az4)

x (
X (a1 + a2 + as + as — 2)(as + as + a7 + as — 2)(ag + a10 + a11 + a12 — 2)
X (a13 + a14 + a5 + a6 — 2)(a17 + a1s + a19 + azo — 2)(az21 + a2z + az3 + az4 — 2)
X (a1 + a2 + a3+ as+as +as +ar +as —7)
x (a1 + a2 + a3 + a4 + a5 + ag + a7 + as — 6)
X (a9 + a0 + a11 + a12 + a13 + @14 + a15 + aig — 6)
X (@17 + a18 + a19 + a20 + a21 + a2z + a23 + az4 — 6)
" 21!

(a1 + a2)!(as + as)!(as + as)! (a7 + as)!(as + a10)!(a11 + a12)!

1

X

(a13 + a14)!(a1s + ai6)!(a17 + a18)!(a19 + az0)!(az21 + a22)!(azs + az4)!
» (a1 + a2)! ) (as + aq)! ) (as + ag)! . (a7 + as)! ) (ag + a10)! ) (a11 + a12)!

04!(12! a3!a4! a5!a6! a7!a8! aglalo! a11!a12!
% (a13 + a1a)! (a15 + a16)! (@17 +a1s)! (@19 + a20)! (az1 + az2)! (a23 + az4)!
a3laia! aislaie! airlaig! aglazo! az1!azs! az3lazy!

" Z (_1)7n1+1 . (_1)rn3+1 . (_1)m5+1 ‘ (_1)m7+1 . (_1)m9+1 . (_1)M11+1
) (m14+m2) (m3+ma) (ms+mes) (mr+ms) (mg+mi) (M1 +mi2)
( 1)m13+1 (_1)m15+1 (_1)m17+1 (_1)m19+1 . (_1)m21+1 . (_1)m23+1

X

mig + maia) . (mis + maie) . (mai7 + mas) . (m1g +ma0) (ma1 + ma2) ma3 + maa
m,l+m,2+m,3+m,4+m,5+m,6+m,7+m,8+m,1+m,2+m,3+m4
1) 8 1

X

(
(-
x (—
(-

mo+mig+myytmyy | miztmigtmigtmag
1 1

;_n
~—

mitmotmstmgtmgtmigtmiz+migtmigtmigtmortmoo
2

X

1)
1

(m1 + ma + m3 + ma)(ms + me + mz + mg)(mg + mio + m11 + mi2)

1

(mag + mia + mis + mas) (M7 + Mmas + Mmag + mao) (a1 + Moz + masg + mas)
1
(m1 + ma + m3 + ma + ms + me + m7 + ms)
1
(mo + mio + mi1 + miz2 + mig + mia + mis + mae)

24

: 11 )
Oq. (M)
(ma7 + mas + mag + mao + ma1 + Moz + mas +maa) -5

(2.2)
Then applying the [1], [(16)] as the following form

S 3 N s M @N ) oy
2s +1 N = o2-1(2N)
s=0 m=1

into (2.2), we obtain
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Z (2(k1+k2+k3+l€4—2)—3)(2(k1+I€2+k3+k’4—2)—2)

12
i=1 ki=l
k;>1

X (2(ks + ke + k7 + ks — 2) — 2) (2(ko + k1o + k11 + k12 — 2) — 2)

X 20kt + ko —1)-2(ks+ ks —1)-2(ks + ke — 1) - 2(k7 + ks — 1)

x 2(ko + ko — 1) - 2(k11 + k12 — 1)

X 2k - 2ko - 2ks - 2ky4 - 2ks - 2ke - 2k7 - 2ks - 2ko - 2k10 - 2k11 - 2k12
21!

x 2](?1! . 2k2! . 2k3! . 2k4! . 2k5! . lel . 2]€7! - 2k8! . 2]69! . 2k10! . 2]611! - 2]€12!
1 (_1)N1+N3+N5+N7+N9+N11

X 521 EE: (N1 + N2)(N3 + Na)(Ns + Ne) (N7 + Ns)(Ng + N1o)(N11 + Ni2)

Ny{+No+N3+Ny | Ny+Ny | Ns+Ng , No+Nig
(_1) 1 t—a =t gt 2

X
(N1 4+ N2+ N3 + N4)(Ns + Ng + N7 + Ng)(Ng + N1io + N11 + Ni2)

12
X H O’Z%i_l (QNZ)
i=1

1
= 557 (20)(21 = 1)(21 = 2)(21 = 3)(2L — 4)(2L — 5)(21 — 6) (2.3)
x (21— 7)(21 — 8)(21 — 9)(21 — 10)(2l — 11)

x> 2k +ky—1)-2(ks + ka — 1) - 2(ks + ke — 1)

120 k=l
Ei>1
X 2(k7 + ks —1) - 2(ko + k1o — 1) - 2(k11 + k12 — 1)
X (2(k1 + ko + ks +ka —2) —3) (2(k1 + ko + k3 + ka — 2) — 2)
X (2(ks + ke + k7 + ks — 2) — 2) (2(ko + k1o + k11 + k12 — 2) — 2)

. 2(1 - 6)
Ok —1,2ks — 1,2ks — 1,2ks — 1, ..., 2k11 — 1,2k12 — 1
(_1)N1+N3+N5+N7+N9+N11

x ; (N1 + N2)(N3 + Na)(Ns + Ng) (N7 + Ns)(No + N1o)(N11 + Ni2)

(=1
X
(N1 + N2+ N3 + N4)(Ns + Ng + N7 + Ns)(Ng + N1ig + N11 + Ni2)

12
21—12 *
x 2 [1oo, . (),
=1

Ni+No+N3g+Ny  Nj+Ny  N5s+Ng  Ng+Njg
4 + 2 + 2 + 2

where we use (1.1), and the facts 3212, k; = land 3°,2, a®*i~! = a®~'2. Sowe insert| — 1 — 6
and N — £ in Proposition 1.2 and we apply this induced formula into (2.3), thus (2.3) becomes
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272 (21) (21 — 1) (21 — 2)(21 — 3)(21 — 4)(21 — 5)(2] — 6)
x (20— 7)(21 — 8)(21 — 9)(21 — 10)(21 — 11)
x 2719 2(1—6) (21— 6) — 1) (2(1 — 6) — 2) (2(1 — 6) — 3)
x (2(1 — 6) —4) (2(1 — 6) — 5) (2(I — 6) — 6)
x (2(1 —6) —7) (2(1 — 6) — 8) (2(I — 6) — 9)
 921-12 . g {05(1_6)_9(%) —8. %a;‘(,_ﬁ)_n(g)}

= 2729(2l)22N {0'51721(]\]) — 16NU;Z,23(N)} ;

where we use (1.1) again and the definition of (a) .

3 Conclusions

n—1

In general we search the formula of the convolution sum as >-""_ oi(m)o;(n —m) for 4, € N. But
in this paper, we find the formula of the sum of those convolution sums as

> I ewma)

Z§i1 a; =21 =1
a; odd

for a;, m; € N adding some special conditions.
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