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Abstract

This paper is devoted to find the form of the solutions of a rational difference equations with

arbitrary positive real initial conditions. Specific form of the solutions of two special cases of this
equation are given.
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1 Introduction

Our aim in this paper is to investigate the behavior of the solution of the following nonlinear

difference equation
TnTn—6

Tn4+1 = n:O,l,..., (11)

In—5 (il - xnxn—G) ’

where the initial conditions z_¢,r_5,Z_4,T_3,T_2,T_1,To are arbitrary positive real numbers.

The study and solution of nonlinear rational recursive sequence of high order is quite challenging
and rewarding [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Recently, there has been a lot of interest in
studying the qualitative properties of rational recursive sequences, Furthermore diverse nonlinear
trend occurring in science and engineering can be modeled by such equations and the solution about
such equations offer prototypes towards the development of the theory [14, 15, 16, 17, 18, 19, 20,
21, 22]. However, there have not been any suitable general method to deal with the global behavior
of rational difference equations of high order so far [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35,
36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. Therefore, the study
of rational difference equations of order greater than one is worth further consideration.

Many researchers have investigated the behavior of the solution of difference equations, for
example,
Elsayed et al. [33] has obtained results concerning the dynamics and solution of the rational

difference equation
Tn—-1Tn—->5

Tn—3 (:tl + $n71$n75) '

Elsayed et al. [38] has obtained results concerning The dynamics and the solutions of the
rational difference equation

Tn+1 =

Tndn—4
Tn—g (£l £ ZpTp_a)’

Alogeili [3] has obtained the solutions of the difference equation

Tp+1 =

Tn—1
Tpy] = — .
a4 — ITnTn-1

Simsek et al. [48] obtained the solution of the difference equation

Tn—3

n
Intl = ——
e 1+$n—1

Cinar [7, 8, 9] got the solutions of the following difference equation

Tn—1 Tn—1 ATn—1

Tntl = Tnt1l = Tpngl = ——F————
’ —14 axnTn_1’ 1+ bxpnTn_1

1 + arnTn—1
In [39], Ibrahim got the form of the solution of the rational difference equation

TnTLn—2
Tn—1 (a + bwnxn72)

Tn4+1 =

Karatas et al. [41] got the solution of the difference equation

Tn—5

T+l — 7
1 + Tn—2Tn—s

Here, we recall some notations and results which will be useful in our investigation. Let I be

some interval of real numbers and let
foIt S,
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be a continuously differentiable function. Then for every set of initial conditions _x, T k41, T—k+2,
...,xo € I, the difference equation

Tnt1 = f(Tn, Tn-1, .y Tn-k), n=0,1,.., (1.2)

has a unique solution {z, }ne_,.

Definition 1. (Equilibrium Point) A point € I is called an equilibrium point of Eq. (1.2) if
z = f(z,%,...,z). That is, , = T for n > 0, is a solution of Eq. (1.2), or equivalently, Z is a fixed
point of f.

Definition 2. (Stability)

e The equilibrium point Z of Eq. (1.2) is locally stable if for every € > 0, there exists § > 0
such that for all x_p, x_k41,T_k+2,...,x0 € I, with

|x—k — & + |[x—kt1 — T + |[—kt2 — ]| + ... + |20 — F| <6,

we have |z, — Z| < ¢, for all n > —k.

e The equilibrium point & of Eq. (1.2) is locally asymptotically stable if Z is locally stable
solution of Eq. (1.2) and there exists v > 0, such that for all x_g, T_g+1,T_k+2,...,x0 € I,
with

|x_k — :E| + |ZB_k+1 — J_S| + |x_k+2 — f| + ...+ ‘xo — f| < 5,

we have lim z, = T.
n— oo

e The equilibrium point T of Eq. (1.2) is global attractor if for all z_x,x_k+1,...,20 € I we
have
lim z, = Z.

n—o0o

e The equilibrium point Z of Eq. (1.2) is globally asymptotically stable if Z is locally stable,
and 7 is also a global attractor of Eq. (1.2).

e The equilibrium point Z of Eq. (1.2) is unstable if Z is not locally stable.

The linearized equation of Eq. (1.2) about the equilibrium Z is the linear difference equation

k
OFf(%, %, ..., T
ynir = S HET D)

T
i=0 Ozn—i

Theorem 1. Assume that p,q € R and k € {0,1,2,...}. Then |p| + |¢| < 1 is a sufficient condition
for the asymptotic stability of the difference equation

Tnt+1 +PTn +qTn—r =0,n=0,1,....
Remark 1. The theorem can be easily extended to a general linear equations of the form
Tntk + P1%Tntk—1 + . + D2 =0, n=0,1,.., (1.3)
where p1,p2,...,pr € Rand k € {0,1,2,...}. Then Eq. (1.3) is asymptotically stable provided that

k
Z |pi| < 1.
i=0

Our goal in this section is to find a specific form of the solutions of some special cases of Eq.
(1.1) and give numerical examples of each case.
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LnTn—6

Lp—5 (1 - mnxnfﬁ)

2  On the Difference Equation z,; =

In this subsection we study the following special case of Eq. (1.1):

TnTn—6
Tn—>5 (1 - -T'n-r'nfﬁ) ’

Tn4+1 = Tl:O,l,..., (21)

where the initial conditions x_¢,x_5,x—4,X_3,T_2,T_1,To are arbitrary nonzeros real numbers.

Theorem 2. Let {z,}5=_4 be a solution of Eq. (2.1). Then for n =0,1, ...,

_ — (123)z_gxo — (12 + 1)z _g¢xo
Ti2n—6 = T—6 H (1= (121 + 6)z 20 )s Ti2n—5 = H ( 1= (121 + )z om0

1—(12i+ 2)z_gz0 1— (12 4+ 3)z_gz0
H(—, m12n,3_un<—,
(127 + 8)xz_¢xo (12i + 9)z_sxo
(124 + 4)x_gxo

Ti2n—4 = T4

)

).

121 Tr_gx
(123 T_gT T_gT (12i + Tz _sz
Tizn = To H ( 1— (12 :162))73 66;0 K Tlandl = T jzo 520) H (+ 1— (12¢ ++13))z 669500 '
T_6xo 1— (12 4+ 8)z_gzo T_6xo 1—(12¢ 4+ 9)z_gzo
Tlant2 = 0T~ 25 ga0) 2(1 T (12i + M)z _gwo) TP T (1 = 3z _gw0) H( (12i + 15)z_ozo
T_6T0 "=t 1~ (120 + 10)z_gz0 T_6To 1— (12i + 11)z _gzo
Tlantd = 00— 4w _gwo) I1 1 (12 + 16)z_gao 12057 H(

z_1(1 —bx_gxo) 1— (12 + 17)z_6xo

=0

Proof: We use an inductive proof for this rational recursive sequences. It is easy to see that for
n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is;

n—2

1— (12¢)z_gxo — (12i + 1)z _gxo
T12n—-18 = T_¢ H( 121 T 6)1 670 )7 T12n—-17 = T—5 H( (121 ¥ 7)1 6To 3
(127 + 2)z_gxo (127 + 3)z_gxo
Frano16 = Eod H( (12i + 8)z_ew0 "’ Tianots = Eos 1_[(1 —(12i + 9)z_ew0
(12i 4+ 4)z_gxo _ (127 4+ 5)z_gxo
T12n—14 = T_9 H(lf 121+10)I 570 s T12n—-13 = T—1 H(lf 121+11)I 610),
n— 2
1— (12 4+ 6)z_gz0 T_gxo 1— (12i+ 7)xz_gxo
Fran—iz =0 H 1— (12i + 12)z_gzo S ) H( (12 + 13)z_gwo
T_gxo n 2( 1— (12 4+ 8)z_gzo T_gxo n 2( 1—(12¢ 4+ 9)z_gz0
T12— = ) T12n—9 = X )
PO o (- 20 _gwo) 11— (12i + 14)z_gxo P T e s(1 - 3w_gwo) i 1 — (12i + 15)z_gxo
T_6T0 =2 1 _ (12i + 10)z_gz0 T_6T0 "2 1 _ (12i + 1)z _gz0
T12n—-8 = 5 T12n—-7 = - .
128 = (1 — dz_gxo) i=0( 1— (12i + 16)z_gzo Pt T e (1 - 5w_gwo) w1 — (120 + 1)z _gxo

Now, using the main Eq. (2.1), one has
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ZT12n—-7T12n—13

T12n-6 =
Zi2n—12 (1 — T12n—7T12n— 13)

T—_6I0

n—2

(12 4+ 11)z_gzo

I71(1 — 5ZE75$0

M-

):l),l H( 1-— (127, + 5)1376$0

(12i 4+ 17)z_gz0o o 1—(12i 4+ 11)z_gxo

1-— (127, + 6).L 6T0

T_gTo 1— (12 4+ 5)z_gxo

I[)H(

(127 + 12)z_gzo

z 6

(-

21— (12i 4+ 5)z_gzo

1:[ ( 1—(12¢ + 11)7;,510
1(1 — 5$76I0) i—o 1-— (121 + 17)Z76$0

1H

1— (12 + 11)z_gxo

T

(1 — 59:,6w0) i—0

1— (12i 4+ 17)z_sz0o

)

1- (121 + G)I 60

H(

r_eXo

21— (12i 4+ 5)z_gxo

1— (126 + 12)95,6950) (1 T a-

51—6530) ;l:J(:)( 1- (121 —+ 17)176$0 )>

i

_ﬁ(

T_6 ”lif( 1— (12i + 5)z_gx0
12Z + 12).’E 620 (1 — 5:13’_(3%’0) bl 1-— (12’i + 17)~T—6~T0
(12i + 6)z g0 1— T—6T0 niz( 1— (12i + 5)x—sxo )
(1 — 51776170) o 1-— (12i + 17):E76:E()
. 1
S 11— (12i+ 12)95_6930) T (12n — )z _ex0
1—(12i 4 6)z—_6x0o 1 Z—6T0 )
(1-(12n —T)z_sx0
(123 + 12)z_6xo T—6

QI

Hence, we have

— 122 + 6)$ 60

T12n—6 = T— GH

1-— (1271 — 6)1’_61’0 '

121 a: 620
1— 122+6)$ 60 ’

Similarly, using the main Eq. (2.1), one has

ZT12n—6T12n—12

Ti2n—5 =
" Zi2n—11 (1 — T12n—6T12n—12)
n—1 .
1— (124)z_g¢z0o 1—(12i 4+ 6)z_gxo
T—6 H ( 1 124 Zo 1_.[ ( )
B i 1- (127 + 6)3:,5;80 iy 11— (12¢ + 12)x_sx0
T_6To 1—(12i+ 7)z_gz0 nlooy o (129)z_gxo 1—(12i+6)z_gz0

3
=
N
—~

)OH(

r_5(1 —x_670) ;5

1— (12i + 13)z_gxo

) (1 —z_g 1.1:[0( 1— (12i + 6)z_gx0 )>

n—2

— (12 + 12)x_6x0

1—(12n — 12)z_gxo 1-— (122)36,6900

- (12i + 13)z_gxo ( 1— (12n — 6)xz_gzo 1:[ ( 1—(12i 4+ 12)z_gxo
=z s5(1+z_ 5930)]__[(1_12 7 n—2 .
(123 + T)x—6x0 1 (1 — (12n — 12)x_ 610) H( 1— (12¢)z_exo )
OO T (12n — 6)a_ewo A1 — (12i+ 12)z_gao

21— (126 + 1)z _gx0

1-— T—_6T0

r_5 H (
i=0

Hence, we have

1—(12i+ Tx_ezo 1 — (12n — 5)z_gxo '

)
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(12i + 1)z —6xo
Ti2n—5 = T— 5H 1— 121+7)x GCUO).

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

Theorem 3. Eq. (2.1) has one equilibrium point Z = 0 and this equilibrium point is not locally
asymptotically stable.

Proof. In this section we investigate the local stability character of the solutions of Eq. (2.1).
Equation (2.1) has a unique positive equilibrium point and is given by
_92 —
_ T z 2
T = = oralso 1=1—-=2%
z(1—-z2) 1-z% ’
then the unique equilibrium point is given by Z = 0.
Define the following function

f: (0700)3 — (0,00)

uw
flu,v,w) = (1 —ww)’
Therefore it follows that
w uw U

ul, V, W) = ——5, v (U, V, W) = —————, w (U, V, W) =

f ( ) v (1 _ uw)2 f ( ) ’U2 (1 _ ’LL'LU) f ( ) v (1 _ uw)2
Then
f(a’tfi)*#*l f(;z:@:z)——#——l f(:ifj)*#*l
B I (1—22) T -2y
The linearized equation of Eq. (2.1) about Z is

Yn+1 — Yn—6 + Yn—5 — Yn = 0. (22)

It follows from Theorem 1 that Eq. (2.2) is not asymptotically stable. The proof is complete.
For confirming the results of this section, we consider numerical example for ,(See Fig. 1).
TnTn—6

3 On the Difference Equation z,; =
Ln—5 (_1 - xnxn—6)

In this subsection we study the following special case of Eq. (1.1):

TnTn—6
b
Tn—>5 (71 - mnmn76)
where the initial conditions x_¢,x_5,T_4,x_3,T_2,2_1, 20 are arbitrary nonzeros real numbers.

Tnt1 = n=0,1,.., (3.1)

Theorem 4. Let {z,}5=_4 be a solution of Eq. (3.1). Then the solution of Eq. (3.1) is bounded
and periodic of period 12 given by:

T12n—6 = T—6, T12n—-5 = T—5, T12n—4 = T—4, T12n—-3 = T-3,
ol —6
Ti2n—2 = T-2, T12n—1 = T—1, T12n = X0, Ti2n+1 = 5 1
1'75(—1 — 1701'76)
ToT -6 ToT—6 Tox—6 Tox—6
Ti2n42 = y Tign4+3 = —— =~y LTi2n44 = ————, Ti2n45 = 5 -
Xr—4q $73(—J,—-$0$76) r—2 mfl(—ﬂ,—>$0$76)
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- )= =6 . 1= (n)a(n—6)
, ‘ ‘("Jr ) ‘ ,«.,,a;(\,‘.(,y),r,,fn,)‘ ‘ . ‘ J(nf ) .(nTs)(lf,(,w,,(”‘,‘,y) ‘
ol 16
1t
st
12}
4 w0t
E3 E g
) 6
At
1
2
or 0
0 50 100 150 200 250 300 350 0 20 40 60 80 100 120
n n
a) g =1,0_5 =2,x_4 = 3, (b) z_¢ = 1ll,z_5 = 12,z_4 =
r—3 = 4,1’_2 = 5,1‘_1 = 6,1’0 =7. 13, r—3 = 4,33_2 = 15,:13_1 =
6,£E0 =17.

Fig. 1: Behavior of the solution of system (2.1).

It can be seen that the solution

does’t converge to zero wich confirm the fact that the equilibrium point 0 is not

locally asymptotically stable.

Proof. For n = 0, the result holds. Now suppose that our assumption holds for n — 1. That is;

Z12n—18 = L—6; Z12n—17 = T—5,

Z12n—16 = L—4, T12n—15 = T -3,

Tox -6
Ti2n—14 = T2, T12n—13 = T—1, T12n—12 = X0, Ti2n—-11 = — >
z_5(=1—xox_¢g)

T —6 X —6 o —6 o _—¢6
Ti2n—-10= —> ZTi2p-9 = —~, Ti2n-8 = ——, T12n-7= -

Tr_4 9373(71 - a:oa:,G) xTr—_2 w,l(fl — wow,g)
Now it follows from Eq. (3.1) that
Tox—6

L12n—7T12n—13

x_l(fl — xox_ﬁ)

T12n-6 = =
ZTizn-12 (—1 — Ti2n—7T12n-13) < ToT_6 )
z|(-1-——F————x 1
{Efl(*]. — xox,(;)
T_6 XT—6
o (—1 — I()Ife) o (—1 — moxfa) o
= = =6
<_1 - s ) ( 1 )
(—1 —.To.rfe) (—1 —xomfa)
Similarly
P T12n—6T12n—12 _ T—6%0 =z
" Zizn—11 (—1 — T12n—6T12n—12) _ Tor-6 (—1 —z_6z0) -
{E75(—1 — "Eomfos)
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oL —6
[ S E———
Z12n—5T12n—11 2—5(—1—zox_6)
T12n—4 = =
Zi2n—10 (—1 — T12n—5T12n—-11)  ToT—s ( 1—2 ToT_6 >
OOy
T4 $75(—1 — xomfs)
1 Xr—4
(—1 — CC()iEfe) (—1 — 1'03376)

L) (o)

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

Theorem 5. Eq. (3.1) has a unique equilibrium point which is 0 and this equilibrium point is not
locally asymptotically stable.

Proof. As the proof of Theorem 3 and will be omitted.

For confirming the results of this section, we consider the following numerical examples,(See
Figure 2).

z(n+1)= () N— a(n+1)= 2(n)e(n-6)
eln-5) (~1-s(n)2(n-1) +(0-5) (~1-2()z(n-6))
7 u T T T T 20 T T u T T

157

0r

2(n)

0 20 40 60 80 100 120

o
n
S
o~
S
=
S
@
S
=
o
S
-
~
S

Fig. 2: Behavior of the solution of system (3.1). It can be seen that the solution
does’t converge to zero wich confirm the fact that the equilibrium point 0 is not
locally asymptotically stable.
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4 Conclusion

We investigated, in this paper, the behavior of the solution of the following nonlinear difference

equation
TnTn—6

In—5 (:l:l - mnmn76) ’

Tnt1 = n=20,1,..,

with arbitrary positive real initial conditions x_¢,z_5,2_4,T_3,2_2,_1,x0. Local stability is
discussed and the expressions of the solution of some special cases are given and validated by some
numerical examples.
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