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Grid-connected inverters need to reduce current harmonics as much as

possible. After introducing the input signal’s fundamental and main harmonic

quadrature components, a discrete state model is created, and the discrete

observer design method is used to propose a harmonic extraction algorithm

called quadrature sinewave extractor (QSE). The QSE is a stable recursive

operator with the advantages of no phase displacement and the ability to

eliminate mutual influence between harmonic components. Compared to the

widely used proportional multi-resonant controller, QSE can reduce current

harmonics and improve system stable performance by using it in the current

control of grid-connected inverters. Finally, comparative experiments on a

three-phase grid-connected inverter are used to verify the proposed

method’s effectiveness.
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Introduction

The exhaustion and pollution of traditional fossil energy promote the development

and utilization of renewable energy such as solar and wind energy, and the proportion of

new energy power generation in the power system increases greatly. The grid-connected

inverter converts DC energy into AC energy, and its performance directly affects the

power grid. One key indicator of new energy power quality is the inverter output current

harmonics. The requirements for outputting current harmonic content are clearly stated

in IEEE 1547–2003 and other specifications, so lowering the harmonic content is critical

(Lee and Cho, 2020).

A variety of factors can cause the output current harmonics of the inverter. The

modulation dead time of the inverter’s upper and lower bridge arms, the voltage drop of

power switching devices, the grid voltage distortion, the fluctuation of DC power supply,
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the voltage fluctuation of the DC bus capacitor, and the

nonlinearity of the system transformer or reactor are the main

causes of inverter output current harmonics. The harmonic

suppression method studied in this paper is to detect the

harmonic in the current and realize harmonic suppression

through closed-loop feedback. Therefore, this paper aims at

the harmonic generated by any of the above reasons.

The LCL filter can filter out the output current’s high-

frequency harmonics, and the current closed-loop controller is

primarily responsible for suppressing the low-frequency current

harmonics (Chen et al., 2013; Yang et al., 2015). The current

closed-loop controller is an important factor affecting output

current harmonics’ performance (Cárdenas et al., 2012; Tuan and

Santoso, 2016). There are many effective current closed-loop

control algorithms for suppressing current harmonics, and the

main difference between them is the harmonic extraction

method (Castilla et al., 2013; Kulkarni and John, 2013; Zhao

et al., 2013; Bourguiba et al., 2016; Wang et al., 2016; Qian et al.,

2017; Zhaoyang et al., 2017; Busarello et al., 2018; Hu et al., 2018;

McDonald and Li, 2018; Chen et al., 2019; Choi and Sarlioglu,

2019; Fei et al., 2019; Song et al., 2020).

The repetitive controller (RC) is derived from the internal

model control principle (Busarello et al., 2018; McDonald and

Li, 2018), which takes advantage of harmonics’ periodic

characteristics. A positive feedback loop with periodic delay

is chosen as the internal model, assuming that the harmonic

signal repeatedly occurs in each fundamental cycle. As long as

the input signal contains a harmonic signal that is an integral

multiple of the fundamental frequency, the internal model’s

output can continuously accumulate the harmonic signal and

suppress the harmonic by multiplying the output harmonic

signal with a certain coefficient as the control voltage. The

advantage of RC is that all harmonics can be extracted with

simple delayed positive feedback. In comparison, the main

disadvantage of RC is that it has a resonance effect on all

harmonics, rather than focusing on suppressing some major

harmonics. In addition, RC needs to save the period data of the

fundamental wave, which cannot extract non-integer

harmonics. So the control frequency of RC is required to be

an integral multiple of the fundamental frequency, and it is not

suitable for frequency variation. These shortcomings limit its

application in practice (McDonald and Li, 2018).

Proportional multi-resonance control uses multiple quasi-

resonance controllers (MQR) to suppress some major low-order

harmonics (Castilla et al., 2013; Bourguiba et al., 2016; Wang

et al., 2016; Qian et al., 2017; Zhaoyang et al., 2017; Hu et al.,

2018; Choi and Sarlioglu, 2019; Song et al., 2020). It takes

advantage of the fact that the amplitudes of some lower

harmonics, especially odd harmonics, are usually larger than

that of the higher harmonics (Qian et al., 2017). A resonant

controller is used as its internal mode for harmonic extraction

and suppression of the main harmonics to be suppressed. In

practice, a quasi-resonant controller is generally formed by

adding appropriate damping to the system to deal with a

slight deviation of the fundamental frequency. Introducing a

resonance controller can significantly improve the open-loop

gain of the transfer function at the dominant harmonics

frequency and reduces the harmonic content. However, the

defect of resonant controller is that while extracting the

desired frequency harmonics, it will also pass through other

harmonics. The phase shift of other harmonics will increase the

amplitude of corresponding harmonics and even make the

system diverge (Zhao et al., 2013).

There are also some intelligent harmonic extractionmethods,

such as least mean square filter (Kulkarni and John, 2013),

adaptive neural network filter (Fei et al., 2019), and discrete

Fourier transform based on extended Kalman filter (Chen et al.,

2019). However, their design process is complex, and the

calculation time is long, so they are not widely used. The

most widely harmonic suppression algorithms used are

proportional multi resonance and repetitive control at present.

In view of the shortcomings of MQR in extracting harmonics

(Kulkarni and John, 2013), this paper designs a new discrete

harmonic extractor called quadrature sine wave extractor (QSE),

which uses the idea of the observer (Quan et al., 2016; Wang,

2016) to extract multiple harmonic components at the same time,

which is an improvement of MQR. QSE will not cause the phase

shift of the frequency component to be extracted, which avoids

the phase shift problem caused by the discretization of controller

design in the traditional continuous domain. QSE extracts each

frequency component simultaneously, avoiding the coupling

problem caused by the traditional MQR to extract each

frequency component separately. Experiments show that the

high-performance harmonic extraction method is conducive

to reducing output current harmonics of the grid-connected

inverter.

Quadrature sinewave extractor
principle

Orthogonal sine wave model

According to the Fourier decomposition theory, the periodic

signal can be decomposed into a linear combination of multiple

cosine waves:

u(n) � ∑
k∈Θ

uck � Mk cos(nkωT + δk) (1)

Where, u is the input signal; n is the nth sampling time; uck (n) =

Mkcos (nkωT + δk). uck (n) is the kth cosine wave.When k is zero,

uck (n) is the DC component; when k is 1, it is the fundamental

wave; when k is greater than 1, it is the kth harmonic. In this

paper, uck (n) is collectively referred to as the kth cosine wave. Mk

is the kth cosine wave amplitude; δk is the initial phase of the kth
cosine wave; T is the sampling time interval; ω is the fundamental
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angular frequency; Θ is the value set of k. Considering the main

low-order harmonics of the actual three-phase grid-connected

inverter are 5 and 7 times in practice (Bourguiba et al., 2016), and

it is also necessary to control the fundamental wave, theΘ of QSE

is set as {1,5,7}.

In order to establish the mathematical model, the sinusoidal

signal delaying one-quarter of the period of each cosine wave is

introduced. That is usk (n) = Mksin (nkωT+δk), uck, and usk form
a set of orthogonal sine waves called cosine and sine wave,

respectively. Taking the amplitude and initial phase of the

orthogonal sine wave as constants, the state equations of uck
and usk can be expressed:

[ uck(n)
usk(n) ] � Rk[ uck(n − 1)

usk(n − 1) ]
� [ cos(kωT) −sin(kωT)

sin(kωT) cos(kωT) ][ uck(n − 1)
usk(n − 1) ] (2)

Where, Rk � [ cos(kωT) −sin(kωT)
sin(kωT) cos(kωT) ] is a counterclockwise

rotation transformation matrix, which means that the current

orthogonal sine wave value is transformed counterclockwise by a

small angle kωT from the orthogonal sine wave value of the last

time. Figure 1 shows the waveform of u in a fundamental period,

which is a typical periodic signal. The QSE can also extract other

signals such as current signal and voltage signal.

The cosine wave in Figure 1 includes fundamental wave uc1,

fifth harmonic uc5 and seventh harmonic uc7, that is u = uc1+ uc5+

uc7. The dotted lines in Figure 1 are sine waves, namely us1, us5
and us7.

Quadrature sinewave extractor design

The basic idea of QSE is to inversely deduce each orthogonal

sine wave according to the sampled signal based on state Eq. 2

and output Eq. 1. Considering the variables uck and usk as the

state of the system and u as the measured value of the system,

then the harmonic extraction problem is transformed into a

typical state observer design problem. Based on this idea, the QSE

proposed in this paper is designed as a discrete closed-loop block

diagram, as shown in Figure 2.

Figure 2 shows the unit negative feedback structure. If the

number of elements in the set Θ is N, the forward channel

contains N oscillators in parallel. QSE design includes three steps:

prediction, calculation of prediction error, and correction.

The first step is prediction, as shown in the red part of

Figure 2. According to the prediction of model Eq. 2, the

prediction formula of the kth orthogonal sine wave is:

[xck′ (n)
xsk′ (n) ] � Rk[xck(n − 1)

xsk(n − 1) ] (3)

Where, xck (n-1) and xsk (n-1) are the estimated value of the kth

orthogonal sine wave at the last time, and the initial value of its

iteration can be taken as zero, which is reflected in the output of

the z−1 module in Figure 1 x′ck(n) and x′sk(n) are the predicted
value of the kth orthogonal sine wave at the current time.

The second step is calculating the prediction error, as shown

in the blue part of Figure 2. The calculation equation of

prediction error is:

e′(n) � u(n) − x′
c(n) (4)

Where e′(n) is the prediction error, x′c (n) = ∑k∈Θx′ck(n) is the
total prediction.

The third step is correction, as shown in the green part in

Figure 2. The correction formula of the kth orthogonal sine

wave is:

{xck(n) � xck
′ (n) + ρe′(n)

xsk(n) � xsk
′ (n) (5)

Where xck (n) and xsk(n) are the current extraction results of the

orthogonal sine wave, ρ is the update coefficient. The total

estimated value after correction is xc(n) = ∑k∈Θxck(n). In each

sampling period, (Eqs. 3–5) form QSE in turn.

Performance analysis and comparison

Property 1. When the update coefficient ρ meets 0< ρ < 2 / N,

QSE is convergent.

Property 2. The k times fundamental frequency components

contained in xck and xsk of QSE steady-state output are equal to

FIGURE 1
Typical periodic signal.
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uck and usk respectively, and there is no phase offset and

amplitude change between xck/xsk and uck/usk.

Property 3. xck and xsk of QSE steady-state output do not

contain any other components in sets Θ except k times

fundamental frequency components.

The above three properties are called the stability, zero-error

and decoupling of QSE, respectively. The process of proving the

three properties is shown in Appendix A.

The discrete transfer function of the kth oscillator can be

obtained from (Eqs. 3–5):

Gk(z) � xck
′ (z)
e′(z) � ρ

cos(kωT)z − 1
z2 − 2 cos(kωT)z + 1

(6)

Substituting z = ejkωT into Eq. 6 at frequency kω, the following

equation can be written:

lim
z→ejkωT

|Gk(z)| � ∞ (7)

Eq. 7 shows that the open-loop gain of the system is infinite,

so the steady-state error of that is zero. Therefore, the oscillator

has the effect of resonance to the kth cosine wave or sine wave.

Since QSE is stable, there must be no kth cosine or sine wave in

the steady-state error. Otherwise, the oscillator’s output will

become larger, eventually leading to QSE output divergence.

The zero-error property of QSE is further explained based on the

above discussions.

Further, the transfer function of QSE can be deduced as

follow

GQSE(z) � xc(z)
u(z) � ρ +∑k∈ΘGk(z)

1 +∑k∈ΘGk(z) (8)

FIGURE 2
Block diagram of QSE.

FIGURE 3
Corresponding harmonic observer in continuous domain
of QSE.
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According to the transformation relationship between the

s-domain and z-domain transfer function, the continuous

domain observer of QSE is shown in Figure 3.

If there is only one oscillator in the forward channel in the

QSE, the QSE degenerates into a band-pass filter, that is, a quasi-

resonant controller. The continuous transfer function of the kth

band-pass filter is:
xck(s)
u(s) � Bs

s2 + Bs + (kω)2 (9)

Where, B is the filter bandwidth, and its relationship with the

update coefficient ρ of QSE is BT = ρ. This formula establishes the

relationship between the update coefficient and filter bandwidth,

and provides a reference for selecting the update coefficient ρ.

MQR uses multiple band-pass filters to extract harmonics,

respectively. The output of each band-pass filter must contain

other extracted harmonics. For example, the output of the

fundamental band pass filter not only contains certain fifth

and seventh harmonics components, but also has a certain

FIGURE 4
Comparation of extraction results of QSE and MQR, “signal” is the signal to be extracted and “n” is the sampling period.
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phase shift to the fifth and seventh harmonics. Correspondingly,

the output of the fifth or seventh harmonic bandpass filter also

contains the fundamental component and has a certain phase

shift for the fundamental wave, reflecting the interaction between

the components extracted with MQR.

The input signal shown in Figure 1 is extracted and simulated

by QSE and MQR. Their output comparison results are shown in

Figure 4.

In Figure 4, the initial value of each orthogonal sine wave is

taken as zero, the update coefficient as 0.05, and the sampling

period as 100 µs? The number that one fundamental cycle can be

updated is 20 m/100 µs= 200. Figure 4A shows the QSE

extraction results, it can be seen that in less than half a

fundamental cycle, each output sine wave basically coincides

with each component of the input signal, and the total output xc
(sum of cosine waves) also coincides with the input signal,

achieving an ideal extraction effect. The extraction effect of

MQR on each component of the input signal under the same

parameters and initialization conditions as QSE is shown in

Figure 4B. It can be seen that in the steady state, the total output

and input signals cannot coincide. The comparison in Figure 4

fully reflects the advantage that QSE can eliminate the interaction

between the harmonics components to be extracted.

Grid-connected inverter current
control based on quadrature
sinewave extractor

As a harmonic extraction algorithm, QSE has a very wide

application prospect. This paper only takes the current loop of a

three-phase grid-connected inverter as an example to illustrate

the application of QSE in harmonic elimination. The circuit

topology of the three-phase grid-connected inverter is shown in

Figure 5.

In Figure 5, L is the filter inductance of the inverter, C is the

AC filter capacitor, and Cd is the DC Bus support capacitor. ug is

the grid voltage, v is the output modulation voltage of the

inverter, i is the inverter output current, and ig is the grid current.

The three-phase system in Figure 5 has no neutral line, so

only the two-phase current can be controlled independently. The

coordinate transformation from three-phase (abc) to two-phase

(αβ)can reduce the number of control loops. The transformation

matrix is:

T3/2 � 2
3
⎡⎢⎢⎢⎢⎢⎢⎣
1 −1

2
−1
2

0



3

√
2

−


3

√
2

⎤⎥⎥⎥⎥⎥⎥⎦ (10)

In the two-phase stationary coordinate system, the current

loop based on QSE is shown in Figure 6. The frequency locked

loop (FLL) is used to obtain the angular frequency and

fundamental positive sequence component of grid voltage.

The specific implementation of FLL can refer to references

(Zhao et al., 2013) and (Kulkarni and John, 2013). Due to

space limitations, this article will not repeat it.

Eq. 11 in Figure 6 is the given current calculation formula of

the current loop, which can be written as:

[ ipαipβ ] � 1

(u+
gα)2 + (u+

gβ)2 [
u+
gα −u+

gβ

u+
gβ u+

gα
][ Pp

Qp ] (11)

Where, ip α, ipβ are the current given values in the two-phase

stationary coordinate system, respectively; pp, Qp are the given

values of active power and reactive power to be sent to the power

grid, respectively; u + gα and u + gβ are the positive sequence

components of the grid voltage in the two-phase stationary

coordinate system output by FLL respectively.

The current control based on QSE consists of three parts:

current error proportional control, grid voltage feedforward

element, and QSE. Proportional control is the basic control

FIGURE 5
Three-phase grid-connected inverter.
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that makes the system form negative feedback and closed-loop

stability. The feedforward elements ugα and ugβ are to counteract

dynamic effects of grid voltage disturbance.

This paper mainly introduces the specific design methods of

QSE, which are implemented in the α and β control loop

respectively. The input of QSE is the error between the given

current and feedback current. Theoretically, QSE should extract

the current harmonics of the grid current, that is the current of

transformer secondary side. In this paper, considering that the

current sensor is installed at the transformer primary side, the

inverter output current is selected as the feedback current. The

effect of the two current feedback modes is consistent when the

grid voltage distortion is small enough to be negligible. On the

contrary, if the influence of grid distortion is to be taken into

account, QSE needs to extract the harmonic of the grid current.

The output of FLL is the angular frequency ω required for

QSE design. If the grid voltage frequency fluctuation is very small,

the ω can also be regarded as a constant, which reduces the

complexity of the FLL and avoids the real-time trigonometric

function operation of QSE. The fundamental, fifth and seventh

cosine waves output by QSE are multiplied by the corresponding

control coefficients Kr1, Kr5 and Kr7 respectively, and the results

are used as one of the control voltages v of the inverter.

The recommended values of the proportional control

coefficient and each harmonic control coefficient are: Kp = Lfc,

Kr1 = Kr5 = Kr7 = 5Kp, where fc is switching frequency of the

inverter power switch devices, which needs to be corrected

according to the transfer function of the system. This paper

will discuss the selection of these control parameters in

combination with specific experimental parameters in the

following section.

Experimental verifications

Experimental platform and parameter
design

In order to verify the adaptability of the proposed QSE

algorithm to the grid frequency fluctuation, an experimental

setup is built up in the laboratory. The main circuit topology of

FIGURE 6
Current loop based on QSE.

TABLE 1 Parameters of experiments.

Parameter Value

AC filter inductance L 0.4 mH

AC filter capacitor C 100 μF

DC support capacitor Cd 1360 μF

sampling and control period T 100 μs

switching frequency fc 5 kHz

dead time of power devices 4 μs

proportional control coefficient Kp 2

fundamental wave control coefficient Kr1 10

5th harmonic control coefficient Kr5 10

7th harmonic control coefficient Kr7 10

QSE update factor ρ 0.001
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the experimental platform is shown in Figure 5. The inverter

rated power is 50kW, the rated voltage (line voltage) is 400 V, and

the rated current is 72A. The transformer capacity is 50 kV A, the

transformation ratio is 270 V/400 V, the connection method is

△/y, and the transformer leakage inductance is about 5% of the

rated impedance. This paper adopts the inverter side current

feedback control to avoid LCL resonance. The LC filter

parameters are shown in Table 1. SVPWM modulation is

adopted, and the control platform is based on DSP28335. The

switching frequency is 5 kHz. In one SVPWM carrier cycle,

current sampling and PWM duty cycle are both updated

twice, that is, the control cycle T = 100 µs? The update

coefficient ρ of QSE is 0.001, which is equivalent to the

filtering bandwidth of 10 rad/s. Using FLL to obtain the

angular frequency required by QSE can make it adapt to the

frequency change in a larger range. Based on those parameters

selected above, the experimental platform and control

parameters are listed in Table 1.

Correcting the selected parameters in combination with the

system transfer function is necessary. Because of structure

consistency between the two control loops α and β, it is only

necessary to design the parameters of one loop. For the sake of

simplification, the systemmodel only considers the inductance in

the design of control parameters, and ignores the influence of

filter capacitance and transformer leakage inductance. According

to this simplified model, a certain stability margin is reserved in the

design, which has lower complexity and facilitates the application in

practice. Therefore, the system model can be described as that the

modulation voltage v outputted by the inverter acts on the inductor L

and generates feedback current after a control period T delay. The

discrete transfer function of feedback current and modulation voltage

can be obtained as follows:

Gm(z) � i(z)
v(z) �

T

L(z − 1)z
−1 (12)

Go(z) � [Kp +KrGQSE(z)]Gm(z) (13)

Where Kr = Kr1 = Kr5 = Kr7.

According to the parameters in Table 1, the open-loop Bode

diagram is drawn as the solid line in Figure 7. If the harmonic

control coefficient Kr is doubled, the open-loop Bode diagram is

shown as the dotted line in the figure. The condition for the stability

of the system is that the phases of the phase frequency characteristics

on the left of the crossing frequency are above −180 degrees.

Comparing the dotted with the solid line, it can be seen that

excessive harmonic control coefficient will reduce the stability

margin of the system, and the variation of harmonic coefficient

within a certain range will increase the amplitude-frequency

characteristics at the harmonic frequency without reducing the

stability of the whole system. It can also be seen from Bode

diagram that if harmonic control is added, the higher the

FIGURE 7
The open loop Bode graph of the system.
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frequency, the lower the phase margin. Therefore, it is not

recommended to suppress high-frequency harmonic components.

Steady-state experiment

With an adjustable frequency AC source, experiments are carried

out at 50 and 55 Hz, respectively. The QSE-based and MQR-based

algorithms are compared when the load ratio is 100 and 30%, and the

experimental environment of the two control methods is consistent.

The measured waveforms are shown in Figure 8 and Figure 9 iga, igb
and igc in the figure are the three-phase grid current, respectively. uga is

the voltage on the high-voltage side of the transformer, that is, the grid

side. uia is the voltage on the low-voltage side of the transformer, that

is, the inverter side.

Because the harmonic amplitude is very small compared with

the fundamental amplitude, the oscilloscope’s fast Fourier transform

(FFT) function is enabled in the experiment, and each waveform

shows the FFT result of A phase current. For example, in Figure 8A,

the decibel at 350 Hz is −3.288 dB, which means that the amplitude

of the seventh harmonic current I7 meets 20l g (I7) = −3.288, that is,

the RMS value of I7 is 0.68 A. The decibel of the fundamental

current is 36.94 dB, corresponding to 70.3 A. Therefore, it can be

calculated that the content of seventh harmonic is 0.97%. The

oscilloscope can automatically locate and display the maximum

value of each harmonic. According to each current waveform

FIGURE 8
Experimental results at 50 Hz
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FIGURE 9
Experimental results at 55 Hz

TABLE 2 Maximum of harmonic content.

Frequency (Hz) Load ratio (%) Maximum harmonic of MQR
(%)

Maximum harmonic of QSE
(%)

50 100 0.97 0.56

50 30 2.10 0.85

55 100 1.01 0.35

55 30 1.85 0.58
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data, oscilloscope record the maximum harmonic value under

each working condition, as shown in Table 2, and the recorded

total harmonic distortion rate (THD) is shown in Table 3. It can

be seen from Table 2 and Table 3 that compared with the MQR,

because QSE extracts harmonics more accurately, the control

based on QSE can further reduce the harmonic content.

Conclusion

According to the above theoretical and experimental results,

the following conclusions can be drawn:

1) QSE is designed directly in the discrete domain, avoiding the error

caused by the discretization of the continuous domain transfer

function so that it can extract the fundamental wave, main

harmonic and their orthogonal components without static error.

2) QSE processes all components to be extracted simultaneously. The

error used for updating is the difference between the combination

of input signal and each component to be extracted, which can

eliminate the interaction among those components.

3) QSE can be used in the current control loop of grid-connected

inverter, which can greatly reduce current harmonics while

maintaining system stability.

In the paper, the study is carried out for steady-state

conditions. When considering the grid frequency mutation,

we will use the grid simulator to complete the frequency

mutation experiments for the QSE. The grid simulator can

change frequency, amplitude and other parameters of the grid.

Meanwhile, we will conduct QSE extraction experiments under

different conditions such as high switching frequency, high-

frequency noise and inter-harmonics in the subsequent study.
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Appendix A: Proof of the nature
of QSE

From Eq. A3 ~ (5), the state equation of QSE is:

x(n) � Gx(n − 1) + ρbu(n) (A1)

Where, both x = [xc1, xs1, xc5, xs5, xc7, xs7, . . . ]
T and b = [1, 0, 1,

0, 1, 0, . . . ]T is a 2N dimensional column vector. Total state

transition matrix G � G0 − ρbrT is a 2N × 2N dimensional

square matrix, here G0 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
R1 O2 O2

O2 R5 O2

O2 O2 R7

/

/ /

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ is a square

matrix composed of the diagonal array of each harmonic

transfer matrixes, where O2 is a 2 × 2 dimensional zero matrix;

r = [cos (ωT), -sin (ωT), cos (5ωT), -sin (5ωT), cos (7ωT), -sin

(7ωT),. . .]T is the 2N dimensional column vector composed of the

first row elements in the discrete transfermatrix of each harmonic.

Writing u = [uc1, us1, uc5, us5, uc7, us7, . . . ]
T, the error vector

e = u-x, then the recurrence equation of the error vector e(n)

can be obtained by combining (Eqs 1, 2, A1):

e(n) � Ge(n − 1) (A2)

It can be calculated that when 0<ρ < 2/N:

e(n)Te(n) � e(n − 1)TGTGe(n − 1)
� e(n − 1)Te(n − 1) + (−2ρ +Nρ2)(rTe(n − 1))2

≤ e(n − 1)Te(n − 1)
(A3)

That is, the module of e(n) is less than or equal to the module of e

(n-1) until e(n) converges to the zero vector.

The above derivation proves that when the update coefficient

meets 0< ρ < 2/N, QSE is convergent, and the cosine and sine

waves of each frequency in the set Θ of input signals are

accurately extracted in the steady state, that is, there is no

phase offset and amplitude change for each sine wave

extraction in the input signal. The above analysis proves the

stability and zero-error of QSE.

In the set Θ, since the error e(n) does not contain various

harmonics, the output of kth orthogonal sine wave uck and usk
does not contain other frequency harmonics except the

fundamental frequency component, which proves the

decoupling of QSE.
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