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Abstract

The theory of FK spaces was introduced by Zeller in [1] and some properties of sectional
subspaces in FK spaces were investigated by Zeller in [2]. The notion of Cesaro sections in FK
spaces was studied in [3]. In [4], Buntinas examined Toeplitz sections in sequence spaces and
characterized some properties. In this paper, we introduce Riesz sections in sequence spaces and
examine some properties of them.
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1 Introduction

In recent years, constructing dual pairs of sequence spaces and investigating the properties AK, AB,
SAK etc. in FK spaces was used by Boos and Leiger [5-8], Garling [9]. Also, the new technique
for deducing certain topological properties, for example, AB, KB, AD properties, solidity and
monotonicity etc., and determining the S and  duals of the domain of a triangle matrix in a
sequence space is presented by Altay and Basar [10].

Let w denote the space of all real or complex—valued sequences. It can be topologized with the
seminorms p;(z) = |z;|, (¢ =1,2,...), and any vector subspace of w is called a sequence space. A
sequence space X, with a vector space topology 7 is a K space provided that the inclusion mapping
I:(X,7) > w, I(z) = z is continuous. If, in addition, 7 is complete, metrizable and locally
convex then (X, 7) is called an FK space. So an FK space is a complete, metrizable local convex
topological vector space of sequences for which the coordinate functionals are continuous. An FK
space whose topology is normable is called a BK space. The basic properties of such spaces can be
found in [11], [12] and [13]. By m, co we denote the space of all bounded sequences, null sequences,
respectively. These are F'K space under ||z| = sup,, |zn|. By £ we shall denote the space of all
absolutely summable sequences. The sequences space

o0
{x cw: ij convergent } ,

cs =
bs = {wa sup Zx] <oo}
Jj=1
m
p = {aew Zank convergent and supz Z Ank — Qnk—1)| < oo}7
k In=0
in which A = (ani) = R.diag(a1, s, ...).R™" = R.diag(a).R™" and R is Riesz matrix.

(cs)r=rs = {xew: ZZq]x] ex1sts}
" k= 15=1
k
(bs)r=rb = {mezsup ZZq7m7 <oo}
" k= 15=1
. 1
(co)r=10 = {mew:hm Q—quwj :0}

are F'K spaces with the norms

Il = sup ;

ZZ%
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respectively. Throughout the paper e denote the sequence of ones, (1,1,1,...,1,. ..);ej, (G =
1,2,...), the sequence (0,0,...,1,0,...) with the one in the j-th position. Let ¢ = span{ek
k € N} and ¢1 = ¢ U {e}. The topological dual of X is denoted by X'. Let (X,7) be a K space
with ¢ C X and dual space X', and let z = (z1) € X be arbitrarily given. Then
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is called the n*" section of . We define the following properties:

x has AK (sectional convergence) if z™ — z in (X, 7).

= has SAK (weak sectional convergence) if z™ — z in (X, 0(X, X,)).

x has FAK (functional sectional convergence) if 3", zx f(e") converges for all f € x'.
x has AB(sectional boundedness) if {zI™ : n € N} is bounded in (X, 7).

The n'® Cesaro sections of a sequence z = (zx) € X is given by

n k
n 1 J
O'.T:*E Eitj@.
n

k=1 j=1

We say that x has the property:

oK if ||o"z — z||x — 0, (n — o),

SO if ((|f(o"x) — f(x))n) € c0,¥f € X,
FoK if (f(o"x)n) €Ec,Vf e X,

OB if (f(0"2)n) € loo, Vf € X, [3).

Now we are constructing a new definition:

n

. 1
7"[ ]x: Qizqukek
n

k=1

is called the n*" Riesz section of = . This here  is the set {r" : n € N}. In addition, an FK space
is said to have rK space if X D ¢ and for each x € X,

n

1
aZQka'(k) — X ,n — OQ.
" k=1

Every AK space is a rK space. For example w, ¢co are both AK spaces and rK space [3], [14]. The
transformation given by ¢, = % is called the Riesz mean (R, gn) or simply the (R, qn)
mean, where (gx) is a sequence of positive numbers and Qn = ¢1 + - -+ + ¢n, [15].

In this paper, let X = (%) be a matrix;

k-(ak—ar+1)

o, , k<n
0 , k>n

and we suppose that ) i convergent and

m
Z(l'nk - xnkfl)
n=0

In line with this information rs containing os can be seen. In other words if z € os then = € rs.

< 00.

sip ?

Then
x/ = {{f((S’“)} f ex'}.
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In addition

XY = {z:yx=(gpax) €Y for every ye X} = (X = Y),
X? = {z:yx= (ypaxy) €cs for every ye X}
= {x : Zxkyk exists for every y € X} ,
k=1
X" = {x:yz=(yrxr) €E7rs for every y e X}

n k
= {:E th—Zquxjyj exists for every yGX}7

k=1j=1
n k

ZZqﬂjyj

k=1 j=1

Xt < oo for every yeX}.
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%
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Note that £, = ¢f = ¢ = 0,0° = o, cs” = bv, bv® = cs, [16].
For example, it is claim (rs)” = p :

(rs)" = ((es)r)"
{a €w: (az) € (cs)r,Vz € (cs)r}
{a €w: A= Rdiag(a).R™" € (cs,cs)}
= {acw:AE€ (cs,cs)}

m
§ Ank — Ank— 1

n=0

< oo}

= {a€w: Z anr convergent and supZ
n m™ok

= p

Let X, X1 be sets of sequences. Then for k = f, 8, r,rb
(a) X C X™ (b) X** =XF* (c) if X C X1 then X} C X" holds.

Theorem 1.1. Let X be an FK space containing ¢ and lim,_ .o & = 1. Then
(1)XP c X" c X" c X7,

(2)If X is rK space then X/ = X",

(3)If X is an AD space then X" = X",

Proof. (2) Let u € X" and define

f(z _hrran*ZZ‘bxauJ

k=1 j=1

for z € X. Then f € X ; by the Banach-Steinhaus [11, Theorem 1.0.4]. Also f(e?) = lim, é(n —

(p—1)gpup = up, (p < n) sou € X¥. Thus X" € X/. Now we show that X/ € X". Let u € X/ .
Since X is rK space

f(z )—hmizz%x]}c —hm—Zquxjug,

k=1j=1 k=1 j=1
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for z € X, then u € X". Hence X/ = X"

(3) Let uw € X™ and define f,(z) = ézzzl Z?:l gjzju; for z € X. Then {f,} is pointwise
bounded, hence equicontinuous by [11, Theorem 7.0.2]. Since lim, f(e?) = u, (p < n) then ¢ C
{z : limn fn(z) exists}. Hence {x : limy fn(x) exists} is closed subspace of X by the Convergence
Lemma, [11, Theorem 1.0.5,7.0.3]. Since X is an AD space then X = {x : lim, fn(z) exists} = ¢
and then lim, fn(z) exists for all z € X. Thus u € X". The opposite inclusion is trivial.

(1) ¢ C X by the hypothesis. Since ¢ is 7K space, then X™ C ()™ = (¢)" = (¢)F = X¥ by (2),
(3) and [11, Theorem 7.2.4]. O

2 Main Results

In this section, we give the main results of this paper. We construct new important subspaces
of a locally convex F'K space X containing ¢. Then we show that there is relation among these
subspaces.

Definition 2.1. Let X be an F'K space containing ¢. Then following definitions hold.
W=WX)={zecX:2® =2 (weakly) in X}, [17],

RS = RS(X)

n

{reX:

1
— qu(k)—>w in X}
Q"Ic 1
n k
.1 ;
= {J:EX:hTanQ—ZquxjeJ =z }
" k=1 j=1

= {z€X:z has rK in X},

RW = RW(X)
= {z€X: QLquxU“) — x (weakly) in X}
" k=1
1 n k ] ,
= {z EX:limQ—Zquxjf(eJ) = f(z) for all fe X}
k=1 j=1

= {re€X:z has SrK in X},
RFT = RFY(X)=rF"(X)
= {zeX: (Ql qux(k)> is weakly Cauchy in X}
" k=1

{r e X : {znf(e")} €rs for all fEXI}
= {ze€X:z has FrK in X},

RBT = RBY(X)=rB"(X)

n

= {zeX: <Ql qu(k)> is bounded in X}
"k

=1
= {zeX:{znf(e")}erb for all fEX,}
= {r€X:z has rB in X}
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Also, RF = RF*(X)N X and RB = RBY(X) N X.

Definition 2.2. Sequence sets of above definitions show that:
1. X,k =RS=RS(X)={ze€X:z has rK} C X
2. Xepk =RW =RW((X)={z € X:2 has SrK} C X
3. Xppk =RF=RF(X)={zx€X:z has FrK} C X
4. X, p=RB=RB(X)={x € X:z has rB}C X

Corollary 2.1. By definition 2.1 we obtain from following results:
1. X has FrK iff X C RF ie., X =RF,
2. X has rB iff X CRB ,i.e., X =RB.

We introduce some inclusions which are similar to given in [11]. Then we shall study above properties
in accordance with previous investigations on related sectional properties such as [8,11,13].

Theorem 2.2. Let X be an FK space containing ¢. Then
¢pCRSCRWCRFCRBCX

and ~
¢ C RS C RW C ¢.

Proof.

First conclusion is obvious by Definition 2.1. We show that the inclusion RW C ¢. Let f € X'
and f = 0 on ¢. The definition of RW shows that f = 0 on RW. Thus, the Hanh-Banach theorem
gives the result.

Theorem 2.3. The subspaces E = RS, RW, RF, RB, RF™ and RB™ of X, FK space are monotone,
i. e, if X CY then E(X) C E(Y).

Proof.
Let E= RS, X CY and z € RS(X). Then by

n k

liglézz%a:jej =reX

k=1 j=1

and X C Y, we give that

n

k
liTané Zqu:cjej =zcY.

k=1j=1

Hence RS(X) C RS(Y') conclusion is ensure. The others can be proved in a similar way.
Theorem 2.4. Let X be an FK space containing ¢. Then RBT = (Xf)™.

Proof.
By Definition 2.1, z € RB™" if and only if zu € rb for each u € X/. Hence RB™ C (X/)" holds.
The converse inclusion is trivial. This is precisely the claim.

Theorem 2.5. Let X be an FK space containing ¢. Then RBT™ is the same for all FK spaces
Y between ¢ and X; i. e. ,¢ CY C X implies RBT(Y) = RB"(X). Here the closure of ¢ is
calculated in X.
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Proof.
By Theorem 2.3, we have RB'(¢) C RBT(Y) C RB'(X). By Theorem 2.4, the first and last are
equal.

Theorem 2.6. Let X be an FK space such that RB D ¢. Then ¢ has rK and RS = RW = ¢.

Proof.

By Theorem 2.2, ¢ C RS C RW C ¢ C RB. Firstly, suppose that X has RB. Define f,, : X — X by
x = fulz) =oz— & >orel grx™. Then {f,} is pointwise bounded, hence equicontinuous by [11].
Since f, — 0 on ¢ then also f, — 0 on ¢ by [11]. As a result, the proof is complete.

Theorem 2.7. Let X be an FK space containing ¢. Then RFT = (X¥).

Proof.
This can be proved as in Theorem 2.4, with rs instead of rb.

Theorem 2.8. Let X be an F'K space containing ¢. Then RFEY is the same for all FK spaces
Y between ¢ and X; i. e. ,¢ CY C X implies RFT(Y) = RFY(X). Here the closure of ¢ is
calculated in X .

Proof.
The proof is similar to that of Theorem 2.5.

Theorem 2.9. Let X be an FK space in which ¢ has rK. Then RF' = (¢)"™".

Proof.
It is obvious that RF* = (X7)" by Theorem 2.7. Since X/ = (¢) by [11], we have (X7)" = (¢)/".
Thus by Theorem 1.1 the result follows.

Theorem 2.10. Let X be an F'K space containing ¢. Then X has FrK if and only if ¢ has rK
and X C ().

Proof.
Necessity. X has rB since RF C RB, so ¢ has 7K. If ¢ has 7K then X C RF'" = (¢)"". Hence

X C (¢)"". Sufficiency is given by Theorem 2.9.

Theorem 2.11. Let X be an FK space containing ¢. The following statements are equivalent:
(1) X has FrK (or RF),

(2) X C (RS)"™,

(8) X C(RW)™,

(4) X = (RF)",

(5) X" = (RS)",

(6) X" = (RF)".

Proof.
Since RS C RW C RF C X, it is trivial that (2) = (3) and (3) = (4). If (4) is true, then

X' c(RF)" = (X" c X"

so (1) is true by Theorem 1.1. If (1) holds, then Theorem 2.10 implies that ¢ = RS which means
(2) holds. The equivalence of (5),(6) with others is clear.

Theorem 2.12. Let X be an FK space containing ¢. The following are equivalent:
(1) X has SrK |,
(2) X has rK

’

(3) X" =X
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Proof.

By Theorem 2.2, it is clear (2) implies (1). Conversely if X has SrK it must have AD from RW C ¢
by Theorem 2.2. It also has 7B since RW C RB. Thus X has rK by Theorem 2.6, this proves that
(1) and (2) are equivalent. Assume that (3) holds. Let f € X', then there exists u € X" such that

n k
f(z) =lim é SN umig

k=1 j=1

for x € X. Since u; = f(e’), it follows that each x € RW which shows that (3) implies (1). Let X
has 7K, then by Theorem 2.2 it has SrK. So, by Definition 2.1, for all f € X’ there is

n

k
f(z) =lim é DD uwsg

k=1j=1
such that « € X" which is u; = f(e’), (V& € X). This shows that (2) implies (3).

Theorem 2.13. Let X be an FK space containing ¢. The following are equivalent:
(1) RW is closed in X,

(2) ¢ C RB,

(3) ¢ C RF,

(4) § = RW,

(5) ¢ = RS,

(6) RS is closed in X.

Proof.
(2) = (5): By Theorem 2.6, ¢ has K, i.e., # C RS. The opposite inclusion is Theorem 2.2. Note
that (5) implies (4), (5) implies (3) and (3) implies (2) because of Theorem 2.2;

RS C RW C ¢, RW C RF C RB;
(1)= (4) and (6)= (5) since ¢ C RS C RW C ¢. Finally (4)= (1) and (5)= (6).

Theorem 2.14. Let X be an FK space containing ¢. Then X has rB property if and only if
X' cx

Proof.
Necessity Let X be rB property. Then X ¢ RB* = (X/)™ and X" > (X/)"*"* 5 X7, Sufficiency
is clear.

Theorem 2.15. Let X be an FK space containing ¢. Then X has rFT property if and only if
X' cxr.

Proof.
The proof is similar to that of Theorem 2.14.

3 Conclusion

In this study, we determined a new r— and rb— type duality of a sequence space X containing ¢.
Moreover, we developed some new subspaces which are the importance of each one on topological
sequence spaces theory. We study the subspaces RS, RW, RF™ and RB™ for a locally convex FK
space X containing ¢, the space of finite sequences. Then, we showed that there is relation among
these subspaces. Furthermore, we examined monotone of the distinguished subspaces. Finally, we
proved some theorems related to the f—, r— and rb— duality of a sequence spaces X.
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