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Abstract

We present some cusp forms on the full modular grEy,pusing the properties of eigenfunction

o

nonanalytic Poincare series and Hecke operd}orBurther, the Fourier coefficients of cusp forhsf

on rl are given in terms of Dirichlet series associatedht Fourier coefficients of cusp forfof
weight k.
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1 Introduction

Let k be a positive integer and denote hytt® space of cusp forms and B, the space of modular forms

of weight k on the full modular grouEl. We shall use H to denote the upper half pldbiefor the set of
complex numbers.
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Let f, f'OM, suchthatf or f'isa cusp form. The Petersson scalar product is defined b

(f, 1) :jf(r)f'—(r)ykdv

K

, . _ dxdy , , ,
in [1]. Wherer = x+iy ,dV = and K is a fundamental domain for the action ﬁfon H.

2

In[2, p. 11%, nonanalytic Poincare series is defined by

_ exp{27i(v + k)M 1}
G =
,(T]2) (c%qzu(M)(cr+d)k|Cr+d|z 1)

*

d

and v is a multiplier system (MS) fol_1 in the weight k. The numbex is determined fronv by

*
where M =( JD rl, |CT +d |Z is the Hecke convergence factor, tw0, v is an arbitrary integer
C

. 11
u(S)=e" 0<k<1S= (O 1). Eventually z can be thought of as an arbitrary complexrber,

but in order to guarantee absolute convergence of the doerids $1) we assume initially that Rez>2-k.
Uniform convergence of the series of absolute values eimpiﬁatGV (7] 2) is holomorphic (in the variable
z) in the half-plane Rez>2-k and, as a functiorf dflH, it satisfies the transformation formula,

G,(M7|2) =u(M)(cT+d)* [cT+d | G,(7]2) @

OO
foralll\/l=( JDFI.
cd

In [2, p.118], the Fourier expansion @, (7 | 2) is given by

G, (7| 2) - 287" = i ﬂmi(n +K)k+z—leZﬂ(n+/()ri{_ 417 (n+ K)(v +K)}p
’ M(z/2) 75 S pir(k+p+2/2)

xg@n(n+k)y,k+p+z/2,z2/12)Z,(z/2+k/2+ p)

+ 2% (m** i(n ~K) k+z—1e—2ri(n—/()ri{_ A (n- k) (v +K)}p
M(z/2) = oo Pr(k+p+2z/2)
xg@n(n—-kK)y,zI2k+p+2z/2)Z_ (z/2+k/2+ p) (3)
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where  Z, (W)= Z A, (n, v)c is Selberg’s Kloosterman zeta-function and
o1

on,a,pB) = I(u +1)7u”e™du is the notation of Siegel.
0

In [2, p.125], the functiofr, (7 | Z) is defined by
F(T]2)=y**G,(1]2) (4)

as a function off and z. Wherel' = X +iy . It follows from (2) that,F, (7 | Z) satisfies the transformation
formulae,

Fo(MT | 2)=0(M)(cT+d)* (T | 2)

By the Fourier expansion (3) €6, (7 | ) and from (4), we obtain the Fourier expansionfgf(7 | Z) at
the cusp pointo of the form

FV (T | Z) - Z ai(n)eZﬂ(n+K)T +Z a2 (n)e—ZlT(n—K);
n=0 n=0

where the Fourier coefficien®, (N) and &,(N) depend upon z. Henc&;, (7 | ) is a modular form of
weight k and MS.

In[2, p. 125, the following lemma is given.

Lemma 1.1.Suppos@+k >0, Rez>2-k and ] is a cusp form of weight k and Mson [} Then,
(F.f) = 26., I (k-1+z/2){4r(v+ K )} %2

where f (7) = anez’i(”“()r and the bar denotes the conjugate complex number.
n+x>0

For n=v+x , we shall write k(T |z) instead of {t1[(&z). Thus, we have

exp{(27in)Mr}
Fietn(T | Z):ylzG wn(t]z2)= ylz
‘ ‘ %ﬂz u(M)(cz +d)*[cT +d|’

In [3], the Hecke operatof, is defined onM, by the equation

6@ =T d* S ¢ (”Td—ibd)
din b=0

for a fixed integer k and any n=1,2,...
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Theorem 1.2.If f JM, and has the Fourier expansion

f(r)= Y a(m)e™

thenT, f has the Fourier expansion

_N 27i
(T, )@ = 2 v (me™
m=0
where,
4N
- k-1
yvom= Y da). (5)
d|(n,m) d
for n=1,2,...
A nonzero functionf satisfying a relation of the forff, f = A(n)f for some complex scald(n) is called
an eigenfunction (eigenform) of the operdpr and the scalat(n) is called an eigenvalue &f. If f is an
eigenfunction for every Hecke operat@s n > 1, thenf is called a simultaneous eigenfunction. Since

dimS, =1, for k = 12,16,18,20,22 and 26, eachl,, has eigenfunction if, for each of these values of k.
The respective cusp forndsAG,, AGe, AGg, AG,, and AG,, are eigenfunctions for ea@h. WhereA(7) =

93(@) = 27g5(0), g2(7) = 606, (1), g3(r) = 140G4(7) andGy(v) = Xmmy=(0,0)(m + n7) ™ [3].

Hecke found a remarkable connection between each modutamfith Fourier series
f(r) =a(0) +> a(n)e*™
n=1

and the Dirichlet series

a(n)

Ly(s) = Y=t (6)

nS

formed with the same coefficients (except for a(@)Y. € M,, thena(n) = 0(n*) if f is a cusp form, and
a(n) = 0(n?**~1) if fis not a cusp form. Therefore, the Dirichlet serieg@) converges absolutely for
o =Re(s)>k+1if fis a cusp form, and far > 2k if f is not a cusp form. For cusp forms, it has been

shown that(n) = 0 (n"‘%"e) for everye > 0 [3].
In [3], the following theorem is given.

Theorem 1.3.If f is modular and bounded in H théns constant.

In [4], W. Kohnen proved the following theorem using analfg@ncare series and the properties of inner
product.
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Theorem 1.4.The function

W, (1))=Y 0L, (kD™ , (2 0H)

nz1

is a cusp form of weighk —t on[;. In fact, the mapV, : S — S, f = ¢, W, () is the adjoint
w.r.t. the usual Petersson scalar products of the ap —» S,,h+—> gh Where

k-1 (s) = Za(m+n)b(m)

Cp, = Lo 7
@ 0T L ey .

In [5], Min Ho Lee obtained the Fourier coefficients of Sllegusp formp; f in terms of Dirichlet series of
Rankin type associated to the Fourier coefficients ajedieusp forms f and g.

In [6], author proved the following theorems, using theamatytic Ponicare series and the properties of
inner product.

Theorem 1.5.Let k be an integer with k>2. Lad,(T) be a modular function with respect kg which is
analytic on H andf (7) O S, . Then the function, for H andRez > 2 —k,

U, (F)() =D a(T,f,ne’™

nz1

is a cusp form of weight k oh_l. Where

a(Tpf,n):Mnk’ 2 L gn(k=1)
2I'(k—1+§)

for n=pandm,p=12,...andL; ;.. (S) =Z%
m=1

Theorem 1.6.Let k be an integer with k>2. Lad,(T) be a modular function with respect kg which is
analytic on H andf (7) O S, . Then the function

W, (f)(r) = a(T, f,ne™

nz1
is a cusp form of weight k oh_l. Where

a(T, f,n)=n""L, . (k-1

fgn
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forn=p andm p=12,...andL},, ,(k — 1) is given by (7).

This paper is a continuation of previous work [6]. In this papeme cusp forms of integer weight b_p are
obtained , using nonanalytic Poincare series and the pgespefteigenfunction. Further, we will write the

Fourier coefficients of cusp form$ f on [ in terms of Dirichlet series associated to the Fourier

coefficients of cusp fornfi of weight k. Here, we follow the method of W. Kohnen, (ho obtained a
similar result using analytic Poincare series.

For several recent results concerning Modular formsefer the reader to [7-18].
2 The Main Results
Firstly, we start by the following theorem:

Theorem 2.1.Let k be an integer with k>2 anl(7) J S, . If f(7) is an eigenfunction for all,, then the
function, for 7 [JH andRez > 2 — k,

U(f)(r)=> a,f,ne*™

n=1

is a cusp form of weight k oh_l. Where

a(T, f,n) = A (k- @ém? N2 (k-1)
2 (k —1+§)

®)

for n=p andm,p=12,..., Ls(k — 1) is the Dirichlet series ant{n) is an eigenvalue d,.

Proof. Let f (7) S and k an integer with k>2. L&, : S, — S, be a Hecke operator. Sinfér) is an
eigenfunction for alll;,, using Lemma 1.1 and from Petersson scalar product, wia obta

w,2a(T, f,n) =(T f,F )
=AM f, R
=A(n)f,F )

=AM f(O)F, )y dv
K
r(k-1+2)
where w, = ——=—. Hence, we get
k=1+—
(4m) 2
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2a(T, f,n) = A() J' a(f,n, y)e ™y ?dy
0 0

wherea(f, n, y) is the " Fourier coefficient of w.r.t. the variablee”™ . Using the Fourier expansion of f,
we obtain

a(f,ny)=> a(ne™™

nx1

By Mellin’s transform, we find,

Ak - l)(477)E b3 2y aln) a(n)

a(T,f,n)= . =
o (k-1+7) :
and by (5)
y,(m) =a(T, f.n)= A(”M)Z L k-1

2F(k-1+=
( 2)

for n=p andm, p=12,... Wherel'(s) = [,"t*"*e~*dt, Re(s) > 0. This completes the proof.
The proof of the following Theorem is similar to that Bfieorem 2.1 and use Theorem 1.4.

Theorem 2.2.Let k be an integer with k>2 anfl(7) J S, . If f(7) is an eigenfunction for alt,, then the
function

W(f)(7) =Y a(T, f,ne”™

nx1

is a cusp form of weight k oh_l. Where
a(T, f,n) = A(Mn“*L, (k-1 )

forn=pandm,p=12,...

Now suppose thag,is a modular function with respect Bowhich is bounded in H. Then, by Theorem 1.3,
g.(7) is constant. Ley, () = 1. Thus, we can give the following corollaries which arecipecases of
Theorems 1.5 and 1.6, respectively. Their proofs are sitoilhat of Theorem 2.1.

Corollary 2.1. Let k be an integer with k>2. Legl(T) be a modular function with respect lt_g which is
bounded in H andf (7) S, . Then the function, for JH andRez > 2 — k,
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U,(f)(r) =) a(T, f,ne*™

n=1

is a cusp form of weight k oh_l. Where

_ 2 ot
a(T, f,n) = " KZDED® %) oy (10)
2I'(k—1+§)

forn=pandmp=12,...

Corollary 2.2. Let k be an integer with k>2. Legl(T) be a modular function with respect lt_g which is
bounded in H andf (7) JS, . Then the function

W, (F)(7) = Z:a(Tp f,n)e”™”

nx1

is a cusp form of weight k oh_l. Where

a(T, f,n)=n*"L, (k-1) (11)
forn=pandm,p=12,...
3 Numerical Examples

Example 1.Let f(r) = A(7)G,,(7) . Since the function(7)G,,(7) is a cusp form of weight 26 and from
(8) and (9), we have

25/1(n)(4n)g =

Yo (M) = &(T,AG,,.1) = 2L, 29,

y4
2 (25+ -
(25+2)
and
ya(m) =a(T,AG,,,n) = A(Mn*L, (25)
as the Fourier coefficients df,AG,,, respectively.

Example 2.Let f(r) = A(t). Since the discriminant functiak(z) is a cusp form of weight 12 and by (10)
and (11), we get
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| 2 +
W@ o

Va(m) = a(T,A,n) = 2L, @D

VA
2 A1+ -
01+2)

and
yo(m) =a(T,An) =L, @9
as the Fourier coefficients df, A, respectively.

4 Conclusion

Some cusp forms on the full modular group are obtained, usimgdperties of nonanalytic Poincare series,
eigenfunctions and inner product. Further, the Fouriefficamnts of cusp formsTnf on rl are given in
terms of Dirichlet series associated to the Fourierfimierfits of cusp forny of weight k. For example, one
of these Fourier coefficients &(T,, f,n) = n“*L, (k-1).

The open problem: What are the applications of these éfaeoefficients in Representation Theory ?
Competing Interests

Author has declared that no competing interests exist.

References

[1] Ogg A. Modular forms and dirichlet series. W.A. Benijaninc., New York. 1969;10016.

[2] Knopp MI. On the fourier coefficients of cusp forms havsmall positive weight. Proceedings of
Symposia in Pure Mathematics. 1989;49(2).

[3] Apostol TM. Modular functions and Dirichlet series in numbeeory. Springer-Verlag, New York;
1976.

[4] Kohnen W. Cusp forms and special values of certain Dirickeleés. Math. Z. 1991;207:657-660.

[5] Lee MH. Siegel cusp forms and special values of Dirictdeies of Rankin type. Complex Variables.
1996;31:97-103.

[6] Kirmaci US. Some remarks on cusp forms on the fuldutey groupr;. British Journal of
Mathematics & Computer Sciences. 2016;16(3):1-10.

[71 Rankin RA. Hecke operators on congruence subgroups of the maghalap. Math. Annalen.
1967;168:40-58.

[8] Choie Y, Kohnen W. Mellin transform attached to certaitomorpic integrals. Journal of Number
Theory. 2012;131:301-313.



Kirmaci; ARJOM, 2(2): 1-10, 2017; Article no.ARJGW152

(9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]

Kirmaci US. On the modular functions arising from the ahebnstants. Tamkang Journal of
Mathematics. 2003;34(1):77-86.

Kirmaci US, Ozdemir ME. On the modular integrals. Math@aalournal (Cluj). 2004;46(69):1:75-
80.

Kim CH, Koo JK. Arithmetic of the modular functionjsL2 and jl,3' Bull. Korean Math. Soc.
2007;44(1):47-59.

Ozdemir ME, Kirmaci US, Ocak R, Dénmez A. On automaririd modular forms in the space of
the homogeneous polynomials with degree 2L and applicationthet special matrix. Applied
Mathematics and Computation. 2004;152:897-904.

Yang Y. Defining equations of modular curves. Advances irhbtatatics. 2006;204:481-508.

Zagier D. Vassiliev invariants and a strange identitgteel to the Dedekind eta function. Topology.
2001;40:945-960.

Murty MR. Oscillations of Fourier coefficients of modulforms. Math. Ann. 1983;262:431-446.

Johnson D. Estimates for nonanalytic cusp forms. Proceedihgbe American Mathematical
Society. 1984;92(1):1-9.

Parson LA. Norms of integrable cusp forms. ProceedinghefAmerican Mathematical Society.
1988;104(4):1045-1049.

Yi J, Sim HS. Some new modular equations and their apigicatournal of Mathematical Analysis
and Applications. 2006;319(2):531-546.

© 2017 Kirmaci; This is an Open Access article riisted under the terms of the Creative Commonsib@tion License
(http://creativecommons.org/licenses/byj4®@hich permits unrestricted use, distributiondameproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be aceg$rere (Please copy paste the total link in your
browser address bar)

http://sciencedomain.org/review-history/17556

10



