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Abstract

Aims: Theories of diffusion process play an important role in safety traffic applications. The purpose of
this paper is to introduce a methodology capable for fitting the yearly traffic accidents in Kuwait. More
specifically, a lognormal diffusion model is specified to be capable to fit and explicitly addressing the
variations in the yearly traffic accidents in Kuwait during the period 2002-2013. Estimation results using
the maximum likelihood estimation and the goodness of fit using the sample autocorrelation function
clearly demonstrated the appropriateness of the estimated lognormal diffusion model.

Study Design: A rigorous and mathematically sound model is specified to study the yearly total number
of traffic accidents in Kuwait.

Place and Duration of Study: Department of Quantitative Methods and Information Systems, College of
Business Administration, Kuwait University, Kuwait, during the year 2016.

Methodology: A lognormal diffusion process is considered and estimation is done using the MLE
method and goodness of fit using sample ACF and partial ACF are also used to prove the capability and
the appropriateness of the suggested lognormal diffusion model to fit the yearly traffic accidents data in
Kuwait during the period 2002-2013.

Results: To estimate the previously specified lognormal diffusion model, we use the yearly observations
of the total number of accident data in Kuwait from 2002 to 2013 were obtained from the Kuwait Traffic
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Police Department. The maximum likelihood estimates of model parameters are given by , = 0.0342, 5

= 0.00125, ; = 0.00125 and , = 0.03482. Using the fitted model, we predict the yearly number of
accidents for the period from 2014 to 2020. The capability of the model is supported by the residual
analysis through the autocorrelation and the normal probability plots.

Conclusion: This study provided a methodology capable and convenient to fit the traffic accident data
and departs from the traditional before-and-after regression techniques and the time series analysis and
developed a diffusion model that explicitly accounts for the variations in the total number of accidents.

Keywords: Lognormal diffusion process, traffic accidents; maximum likelihood estimation.
1 Introduction

Decision makers usually ask the question whether the implementation of speed limits, seat belt laws, or
sudden increase in population due to random event(s) have an impact on the extent and security of traffic-
related accidents. To give a satisfactory response, a rigorous and theoretically sound approach ought to be
used.

It has reported in the literature that the choice of a statistical technique is likely to affect the impact of an
event. Rock [1] addressed the effect of the 1985 seat belt-use law in Illinois on risk compensation. Tow
statistical techniques were used in the study. The first relates to a before-and-after method and the second
relates to intervention analysis using ARIMA techniques. Unlike the before-and-after method, the developed
time-series intervention models showed no statistically significant increase in traffic accidents. However,
conclusions reported in the study contradicted those reported by Asch et al. [2]. Evans and Graham [3], and
Garbacz [4,5], who used the traditional before-and-after analysis, Rock [1] argued that the presence of
correlated error terms and model misspecification plays against the use of regression methods.

Other studies in the literatures have focused on the impact of the 55-mph speed limit on traffic accidents.
During the 1973 energy crisis, a national speed limit of 55-mph was imposed in the USA. Since then, a
number of studies have evaluated the impact of such speed limit on traffic accidents (TRB, [6]). Helfenstein
[7] addressed the effect of reduced speed limit in the propensity of traffic accident occurrence. The study
dealt specifically with the time (time intervention) when the reduced speed limit had a significant effect on
the magnitude of traffic accidents.

Hamed et al. [8] specified a rigorous and mathematically sound model for studying the influence of the
recent Gulf crisis (2 August 1990) on the monthly total number of traffic accidents in Jordan. A stochastic
diffusion model was specified and estimated in the study. They found that the Gulf crisis did not have a
significant impact on the total number of traffic accidents.

Concerning modeling of the traffic accidents, there are series of studies available in the literature and are
discussed from different points of views of their authors, such as Caliendo et al. [9], Park and Lord [10], Ma
et al. [11], Cafiso et al. [12], Chen and Zhang [13], Lord and Mannering [14], Malyshkina and Mannering
[15], Anastasopoulos and Mannering [16], Jovanovic et al. [17], Savolainen et al. [18], Wang, et al. [19],
Castro et al. [20], Geedipally et al. [21], Aguero-Valverde [22], Bhat et al. [23], Caliendo et al. [24], Chiou
and Fu [25], Deublein et al. [26], Narayanamoorthy et al. [27], Zou et al. [28].

More specifically, Two relatively recently published papers provide a comprehensive review of current
methodological approaches for studying crash frequencies, the number of crashes on a roadway segment or
intersection over some specified time period (Lord and Mannering, [14]), and crash severities, usually
measured by the most severely injured person involved in the crash (Savolainen et al. [18]).

Castro et al. [20], Narayanamurthi et al. [27] and Bhat et al. [23] have recast count models as a restrictive
case of a generalized ordered-response model, with a latent long-term risk propensity for crashes coupled
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with thresholds that determine the translation of that risk to the instantaneous probability of a crash outcome.
Such a generalized ordered-response approach to count data has several potential advantages; including
making it much easier to extend univariate count models to multivariate count models and accommodating
spatial and temporal dynamics.

Wang, et al. [19] proposed an alternative method to estimate accident frequency at different severity levels,
namely the two-stage mixed multivariate model which combines both accident frequency and severity
models. The accident, traffic and road characteristics data from the M25 motorway and surrounding major
roads in England have been collected to demonstrate the use of the two-stage model. They found that the
two-stage mixed multivariate model is a promising tool in predicting accident frequency according to their
severity levels and site ranking.

Although intervention analyses account for the variation in traffic accident data, they are unable to explain
the behavior of the traffic accident process. Time-series models are normally used to reproduce observed
data (provide a goodness of fit to observed data) through a somewhat subjective mechanism.

In this paper, a rigorous and mathematically sound model is specified to study the yearly total number of
traffic accidents in Kuwait. A lognormal diffusion process is considered and estimation is done using the
MLE method and goodness of fit using sample ACF and partial ACF are also used to prove the capability
and the appropriateness of the suggested lognormal diffusion model to fit the yearly traffic accidents data in
Kuwait during the period 2002-2013.

2 Methodology

Diffusion processes have been used in the literature to model many physical, biological, economics and
social problems. Examples include molecular motions of enumerable particles subject to interactions,
security price fluctuations in a perfect market, neurophysiological activity with disturbances, variations in
population growth, changes in number of species subject to competitions, and gene distributions in
evolutionary development (Brockwell et al. [29]; Brockwell, [30]; Sorensen, [31]).

The lognormal diffusion process has been widely used in stochastic modeling in different scientific fields.
For example, Rrez et al. [32] presented a methodology to build a lognormal discussion process with
exogenous factors that models economic variables to the GNP of Spain. This model allows them to study the
problems of forecasting as first-passage-times.

Tintner and Patel [33] tried to apply a lognormal diffusion process to the development of the Indian
economy. The use of the lognormal rather than the normal or the Pareto distributions is suggested by a
number of investigations which seem to point to its usefulness as a convenient approximation in a number of
fields such as economics (cf. Sprekle [34] and Granger and Morgenstern [35]).

The intent of this paper is not to replicate the detailed discussions of the methodological alternatives

provided in those papers, but instead to focus on using the lognormal diffusion process to fit the yearly
traffic accidents.

Assume X (¢) be the yearly traffic accidents at time t, then {X (¢);¢ > 0} be a continuous Markov process

defined on the state space interval [0,0) of real line, note that X () is a Markovian random variable
depending on a continuous time parameter t, which assumes values in the state space S=[0,0).

Let the transition probability density of X (¢)is given by

flo,x:t,)=Pr(X@®)=y; X(r)=x); O0<y,x<o© 1)
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exists for every 7 and t, where 0<7 <t, and satisfies the backward and forward Kolmogorov equations.
Also, assume the random variable X () is continuous with probability one.

Assume X () represent the diffusion process by which total number of accidents at time t is accumulated

with the infinitesimal mean £i(Z,X)and infinitesimal variance O(Z,X) of the change in X (¢) during a
small interval At of time, i.e.

u(t,x)=b,x =bx ()
and

o(t,x)= atx2 =ax’ 3)

We assume b, =b and @, =a, where b and a are constants and are called the drift and the diffusion

parameters where @ > 0 . These assumptions yield the lognormal diffusion process (cf. Tintner and Patel,

[33D).

This assumes that the expected change and its variance in the total number of accidents are proportional to
the instantaneous size of it. And witha > 0, we mean that some change in the total number of accidents
will take place in any interval At and it will be small if At is small. This seems to well describe the plausible

characteristics of a traffic data. Note that the parameter b represents the net increase in the total number of
accidents.

Thus the backward and forward Kolmogorov equations are respectively:

2
AT}

4
or 2 ox? Oox %

and

o 1 ,of o
a—tzgay2§+(2a—b)y5+(a—b)f 5)

The probability density function satisfying these equations (4) and (5) is then given by the lognormal density
function.

1 {[*ﬁ](log y-log X*/f(t—r))z}

—_ (6)
-

fg(r,x,t,y)z

where 0 = a andﬁZ(b—gj; =(,p0).

The characteristics of this distribution are easily derived from its moments. Thus the k-th moment of X (¢)
is then given by
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E[X(0]" =(X(@) ‘e(sz](,_,), k=123,

which finally gives the mean £(.X(¢)) and the variance Var(X(¢)) as follows

u(X(1) = E[X(0)]=(X(2))- e(ﬂ+5)(l—r)
= X(T) . eb(t—z)

Vai"(X(I)) — (X(t))z . eZb(l—T) . (ea(l—‘l') _ 1)
Note that when 7 = 0, the mean and variance are exponential functions of t.

Also, lognormal distribution is very attractive distribution for several reasons such as it is very well known
and understood by many people that mean that results can be easily explained. It is considerably easier to
manipulate mathematically. Finally, the model is a lot easier implement, so saving time and money.

3 Case Study

To estimate the previously specified lognormal diffusion model, we use the yearly observations of the total
number of accident data in Kuwait from 2002 to 2013 were obtained from the Kuwait Traffic Police
Department. Fig. 1 shows the distribution of these observations.
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Fig. 1. The real traffic accidents

The method of maximum likelihood estimation (MLE) is used to estimate the model parameters b and a .
Now it is sufficient to find MLE of the parameters O and [Fand then by the invariance property of the
MLE, we find the MLE’s of b and @ .
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Let X(0)=x,, X(D)=x,, X(2)=x,

number of accidents at times 0,1,2,3

X(n)=Xx, represent observations of the yearly total
,....1. Conditioning on X (0) = X,, the likelihood function can be
written as (cf. Brockwell [30] and Sorensen [31]).

n—1
L( X, Xy X, /x0)=Hf6(xi;xM) (7)
i=0
where f g(xl.;xl. +1) for i=0,1,2...,n-1 is the one-step transition probability density from state X; to X
and @ is a vector of estimated parameters (O and [3). ( Note that ¢
Thus, L (X,

L= 1;i=
X, / X, ) can be written as

1 n
1 o, 1 ——Ei [1ogx[ —logx,_,—p ]2
[ (012 |

=1 X;

0,1,2...n-1 and £,=0).

®)

The maximum likelihood estimates are given by solving the equations

OlogL

B @Z Joes -tog - A0

and

&)
OloglL n 1 <

==+t —
00 20 2522

2 [(log x, —logx, , — ﬁ)z} =

(10)
,23 z (log x, — logxll)

Solving equations (9) and (10) simultaneously, we get the estimates as follows

and

(11
~ (logx, —logx, ) ~2
5= ( g i g l—l) _ (12)
i=1 n
Hence the MLE of @ and b are as follows:
a=0 (13)
and

A A 5

b=p+—
2

(14
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A A
Also, it is easily shown that the variances of our estimates a and b , i.e.

2 2
Var(a) = 20 and  Var(b) = o + o1 - o
n

—  as n-o oo,
2n n t 2n

And covariance of (a,l;) is given by Cov(a,l;) = 0.Note that for large number of observations the

variances above also be minimized. Thus the above estimates and their sampling variances and those nice
properties shows that the MLE’s are efficient and consistence as well as the invariance property made the
maximum likelihood estimates is our method of choice to fit these kind of data of the real total number of
accidents of Kuwait State.

4 Estimation Results

We now fit the lognormal diffusion model to the data of the yearly real total number of accidents of the
Kuwait State during the period 2002 to 2013. Using the Best-Fit program, the maximum likelihood estimates

of f and O are given by

£ =0.0342 and J =0.00125

and then using equations (13) and (14) we get :

A

a =0.00125 and b =0.03482

with standard deviation of the estimates @ and b of 0.01443 and 0.00036, respectively.

The fitted model of the Kuwait yearly total number of accidents X (¢) is defined to be the expected value of
the yearly total number of accident value at time ¢ given that the value of yearly total number of accident at

time ¢ —1 has already observed, i.e. E[X )/ X(t— 1)] It is easily shown that

b(t;—t,y)
E[X(@t)/ X(t-1)]=X( —l)e{ } (15)

For simplicity, we use E[X (t)] to denote E[X )/ X —1)], and since?, —¢, ; =1, we get the fitted
model for the yearly total number of accidents data as follows

E[x(0)]= X (-1’ (16)

Now, Fig. 2 below shows the real and the predicted yearly number of accidents in Kuwait during the period
2002 to 2013. The figure shows that the lognormal diffusion model resembles the yearly traffic accident
data. Also, shows the predicted yearly number of accidents for the period from 2014 to 2020. See also, Table
1 below for real and the predicted yearly traffic accidents data in Kuwait.
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Fig. 2. The real and the predicted traffic accidents
Table 1. The real and the predicted yearly traffic accidents in Kuwait
Year Real traffic accidents Predicted traffic accidents
2002 37650 37650
2003 45376 38984
2004 54878 46984
2005 56235 56823
2006 60410 58228
2007 63323 62551
2008 56660 65567
2009 61298 58668
2010 65861 63470
2011 75194 68195
2012 86542 77859
2013 89527 89609
2014 92700
2015 95985
2016 99386
2017 102908
2018 106555
2019 110331
2020 114241
S Residual Analysis

The goodness-of-fit of the developed lognormal diffusion model is checked using a test based on the sample
autocorrelation function (ACF) and the sample partial ACF as well as the normal probability plot of the

scaled residuals (W (n)).
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Let R(n)be the residual, i.e.
R(n) = X(n)— E[X(n))] (17)

Let £ be the mean of the residuals R(#) and O is the standard deviation of the residuals R(7), (note that
inour case £ =2579 and & = 5020.75 ). Thus the scaled residuals are then defined by:

=——F (18)
O

The structure of the scaled residuals (W (7)) is used as a tool to determine the goodness-of-fit of the
estimated lognormal diffusion model. More specifically, the residuals should be independently distributed
with mean zero and constant variance. Plotting the sample autocorrelation function of (W(n)) and

comparing these values with the bounds (£1.96/ \/; ) checks the compatibility with independence. If more
than 5% of the values lie outside the bounds then residual’s independence is rejected. Fig. 3 shows the
sample autocorrelation function of W (7). The figure clearly shows that the model’s residuals pass the

independence test, thus lending support to the overall goodness-of-fit of the estimated lognormal diffusion
model.

O coefficient
1.07 — Upper Confidence Limit

— Low er Confidence Limit

0.57

ACF

0.0 |_| 1 |_| |_|

1.0

Lag Number
Fig. 3. The sample ACF of scaled residuals

Also, the sample partial auto correlation in Fig. 4 and the normal probability plot in Fig. 5 of the scaled
residuals W (7) below support the compatibility of the fitted model.
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Partial ACF
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Fig. 4. The sample partial ACF of scaled residuals
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Fig. 5. The normal P-P plot of scaled residuals
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6 Conclusion

In conclusion, it is reasonable to fit the yearly total number of accident data in Kuwait by using a lognormal
diffusion model which is clearly supported by the residual analysis through the figures of the sample ACF

and the sample partial ACF as well as the normal probability plot of the residuals W (7). Therefore, this

study provided a methodology capable and convenient to fit the traffic accident data. More specifically, the
study departs from the traditional before-and-after regression techniques and the time series analysis and
introduced a diffusion model that explicitly accounts for the variations in the total number of accidents.

In terms of future research, this methodology could be applied to determine the impact of installing traffic
control devices on certain transportation facilities and the introduction of mandatory traffic laws.
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