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ABSTRACT

applied to vector functions.

This article formulated and proved necessary and sufficient conditions for the Euclidean
controllability of double-delay autonomous linear control systems, in terms of rank conditions on the
controllability matrices. The proof was achieved by the exploitation of the structure of the
determining matrices, the relationship among the determining matrices, the indices of control
systems and system’s coefficients of the relevant system and an appeal to Taylor's theorem as

Keywords: Control systems; determining matrices; double-delay systems; Euclidean controllability;

rank conditions; Taylor’s theorem.

1. INTRODUCTION

Controllability results for multifarious and specific
types of hereditary systems with diversity in
treatment approaches are quite prevalent in

control literature. [1] discussed Controllability of
functional differential equations of retarded and
neutral types to targets in function space; [2]
obtained controllability conditions for systems
with distributed delays in state and control;

*Corresponding author: E-mail: cukwu@hotmail.com;



[8] formulated a necessary and sufficient
condition for Euclidean controllability of system
X0 = A+ Bxt-h)+Cut) piecewise
continuous controls using a sequence
determining matrices for the free part of the
above restricted system. Unfortunately, the
investigation of the dependence of the
controllability matrix for infinite horizon on that for
finite horizon very crucial for his proof was not
fully addressed. This problem has now been
addressed by [4]; [5] obtained some criteria for
function space controllability of linear neutral
systems; [6] looked at controllability of nonlinear
delay systems; [7] discussed controllability of
nonlinear hereditary systems, using a fixed-point
approach; [8] studied null controllability in
function space of nonlinear neutral differential
systems with limited controls; [9] discussed
controllability of nonlinear systems with delays in
both state and control using a constructive
control approach and an appeal to Arzela-Ascoli,
and Shauder fixed point theorems to guarantee
the existence and admissibility of such controls;
[10] investigated null controllability of nonlinear
neutral differential equations; [11] developed
computational criteria for the Euclidean
controllability of the above delay system
investigated by Gabasov and Kirillova, using the
determining matrices with a very simple
structure, effectively eliminating the afore-
mentioned drawback. However, a major
drawback of Ukwu’'s major result is that it relied
on [12] for the necessary and sufficient
conditions for the Euclidean controllability of the
delay system , stated in terms of the control
index matrices, which until [13] were a herculean
or almost impossible task to obtain. Definitely, It
would be a positive contribution to obtain
computational criteria for Euclidean controllability
of the more complex systems under
consideration. Herein lies the justification for this
investigation. It must be pointed out that the
investigation is limited to autonomous systems.
[14,15] studied controllability of Volterra Integro-
differential systems.

x(t) = Ax(t)+ Ax(t-h)+Ax(t-2h)+Bu(t);t=0
x(t)=g(t),t0[-2h,0] ,h> 0
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In recent years, [16] formulated differential
models and neutral systems for controlling the
Wealth of Nations. His monograph derives from
economic principles of the dynamics of national
income, interest rate, employment, value of
capital stock, prices and cumulative balances of
payments. Chukwu used a Volterra neutral
integro-differential game of pursuit where the
qguarry control is government intervention in the
form of taxation, control of money and supply
tariffs. Other relevant works by Chukwu in this
area include [17] on Stability and time-optimal
control of hereditary systems with application to
the economic dynamics of the United States of
America [18].

More research efforts on controllability include
[19], where the author investigated the properties
of cores for which the system with distributed
delays in control is relatively controllable; [20];
[21]; where the authors established sufficient
conditions for the controllability and null
controllability of linear systems; Other notable
results with focus on integro-differential
equations and impulsive differential equations
with finite and infinite delays include [22-28].
Some authors established sufficient conditions
for the controllability and null controllability of
linear systems using the variation of constant
formula to deduce their controllability Grammian
and exploiting the properties of the Grammian
and the asymptotic stability of the free system,
[29]. These works and others appropriate
relevant Existence and Uniqueness of solutions
theorems; the linear systems among the cited
works use the qualitative properties of the indices
of control systems or rank conditions to
characterize controllability for the most part. The
expressions for such indices were not
determined.

2. MATERIALS AND METHODS
2.1 System of Interest

Consider the autonomous linear differential —
difference control system of neutral type:

@
(2)

where h is a single scalar delay, A,, A, A, are NXM constant matrices with real entries and B is

an N x m constant matrix with the real entries. The initial function ¢ is in C([—2h, 0] ,Rn) equipped

with sup norm. The control Uis in QOL, ([O,t1

],]R"). Such controls will be called admissible
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controls. x(t),x(t-h),x(t-2n)OR", for tO[0,t]. If XDC([—Zh,tl],]R”) , then for t0[0,t,] we
define % OC([-2h, 0] ,R") by x (s)=x(t+s), sO[-2h,q].

Let:
Q,(t) =[Q,(5)B,Q,(S)B,--,Q,_,(s)B:s0[0,t,),s= Oh,-- ,6— 1] , (3

where Q, (s)is a determining matrix for the uncontrolled part of (1) and satisfies
Q (S) =A, Qk—l(s) +A, Qk—l(s_ h) + Asz—1(s_ 2h)

For k=0,1,..;8=0h,n,. subject to Q(0)=1 , the nxn identity matrix and
Qk(S)=O for k<0 ors< Q.

Let ry,r,,r, be nonnegative integers and let PO(rO),l(rl),Z(rz) denote the set of all permutations

of 0,0:--0;11- 1; 2,2;- 2: the permutations of the objecisafd 2 in whichi appears, times{J {a,2}. The
—_— —_—

ro times ry times r, times

following is proved in [30], among other alternative expressions for Q, (jh):
2.2 Theorem on Q_(jh)

For 0< j<k,j,k integersk # O,

3]
Q(ih) = 2 A, A

r=0 (vy, Vi )ORy+k-jyag-2 )26 )

For j=k=1,j,k integers,

5l

o(jn =1 2 2 A A 1SS X
k r=0 (Vi Vi) OR gy 1(akej-a )26 +j-k )
0, j=22k+1,

where [[]] denotes the greatest integer function.
2.3 Definition of Global Euclidean Controllability
The system (1) is said to be Euclidean controllable if for each @0 C([-2h, 0],R") defined by

@(s) = 9(s),st[-2h,0).9(0)= g (O)IR" (4)

and for each x, OR", there exists at; and an admissible control UL1Q such that the solution

(response) X(t,@,u) of (1) satisfies X,(@,u) =@ and x(t, @ U )= X,.
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2.4 Definition of Euclidean Controllability on an Interval
Let X(t, @, u ) denote the solution of system (1) with initial function @ and admissible control u at time
t. System (1) is said to be Euclidean controllable on the interval [O,tl], if for each @ in

C([—Zh, 0] ,Rn) and X OR" , there is an admissible control uOL, ([O,tl] ,]R”) such that
Xy ((p, u) = gand X(tl,qﬂ, u) = X;. System (1) is Euclidean controllable if it is Euclidean controllable on
every interval [0, tJ ,t,>0.

In the process of establishing necessary and sufficient conditions for the Euclidean controllability of
system (1) on the interval [O,tJ , the following lemma will be needed.

2.5 Lemma on Rank of Matrices

Let C be any nbynqg matrix. Let /7 be an arbitrary n-dimensionacolumn vector. ThenC has full
rank if and only if the equatiomTC = (admits only the trivial (zero) solution.

Proof

Clearly rank[C] < min{n,ng} =n. If C has full rank, then Ccan be column- and row-reduced to a
matrix of

I, if g=1

the form .
[0, Dpunnyg |- if G>1

Hence 77C =0 = 5 = 0. Note that the equatiomn’' D becomes redundant for g >1.

nx(n-1)q ~
Suppose that C does not have full rank. Then rank[C] <n. Let ranI{C] = p ,for some integpr< n.

Two cases arise; Casel: =1.

I D

0

(n=p) x(n-p)

p’ px(n-p)

g=1= C is reducible to a matrix of the foré1= { ] whe(D(.g1_’)),(p denotes a zero

matrix with n— p rows and p columns. Therefore solving the equation 7'C =0 is equivalent to
I

(n=p)xp’

solving 7'C=0=n" [ }3 ny=n,=+-=n,=0, andp,,,, -7, are arbitrary. Also letting

n-p,p

p x(n-p)

7=(ny-.n,), we see that UT{ } =0=/'Dyen-py =0andn,,, ;- /7, arearbitran

(n=p)x(n-p)

Therefore the relation /7'C = 0does not imply that /7 =0.

Case 2: q>1.

p’ DpX(nq-p)

0

g>1= C is reducible to anatrix of the formC :{
(n=p) x(n-p)

0 };clearlqué=0:>/71:-~-/7p: 0

-- 7, are arbitraryThis completes the praof

(n=p)xp?

andn

p+l i



3. RESULTS AND DISCUSSION
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3.1 Theorem on Rank Conditions for Euclidean Controllability of System (1)

Let Qn (tl) be defined as in (3). Then system (1) is Euclidean controllable [O,tl] if and only if

rank[@n (tl)J =n.MoreoverQ (t,) and din@ (t,) are expressible in the form

B O 9
ois-vom{ [ o 2] -

Here[[[ ]]] denotes the least integer function,

otherwise referred to as the ceiling function in
Computer Science.

Proof

By theorem 2.3 of [31] and lemma 2.3 of [2],
system (1) is Euclidean controllability on [O,tl] if
and only if

¢'X(r,t,)B#0for anycOR",c# 0, wherer — X(71,)
denotes the control index matrix of (1) for fixed
t,.

Sufficiency: First we prove that if Qn (tl):n,
then (1) is Euclidean controllable on [O,tl] .

Equivalently we prove that if (1) is not Euclidean
controllable on [O,tl] , then rankQ, (t,)< n

because Qn (tl) has N rows and therefore has
rank at mostn. Suppose that system (1) is not
Euclidean controllable on [O,tl] . Then these

exists a nonzero column vector cOR" such
that:

¢'X(7,t)B=0;r0J[0,] (5)
But:

X (r,t,)=0,on(t, ») (6)
Therefore:

¢'X(7,t,)B=0,0n 70 O] (7

yielding:

X ((t,-jh) .t )B=0, 'xV((t,-jh) t)B=0 (8

for all integers j:t — jh>0,k1{0,1,2,...}.

Now:
ax Y (t, - jht,) = (-2) Q (jh), €)

for j:t, - jh>0,k0{0,1,2,...}, by theorem 3.1
of [4].

From (8) and (9) we deduce that:

(-1)"c’' Q(ih)=0 (10)
for some cOR",cZ0 , for all
j:t,—-jh>0,k0{0,1,2,..}

By virtue of (3) and theorem 3.1 of [4], condition
(10) implies that the nonzero vector c is

orthogonal to all columns of Q_(t,) and hence
orthogonal to all columns ofQ (t,). Thus Q (t,)

does not have full rank. Since Q (t) has n
rows, we deduce that:

rankQ (t,)<n 11)

(11) proves the contra-positive statement:
rankQ, (tl) =n = (1) is Euclidean controllable

on [O,tl].



Necessity: Suppose that rank(ﬁm (t1)< n. Then by
lemma 2.5, OcOR",c # Osuch that;

c'Q, (s)B=0, forall

sofo, t, | andk 0 {0,1,2,..}. a2
From theorem 3.1 of [4],
0=(-1“c" Q (jh)B=c"a X" (t,-jht,)B
=CT[Xk((t1—jh t)-x® ((tl—jh)*,tl)}s, 13)
for nonnegative integral j:t; - jh> 0. From

(13), we deduce that:

X0 o= a)o e

for k0O{0,1,2,..}andj t —jh> ( (14) is
equivalent to:
v (c(t, - n) ) =9 (et - in)) (15)

fork 0{0,1,2,....
j =0, then (15) yields:

p¥ (ct]) =" (ct))
But:

7 (C’tl ) l;nltl

70t t+h)

}andj t - jh> C In particular, if

(16)

PM(er) =", XY(rt)B=0, 7,

0ty ty+h)
Since X“(t,7)=0 forall70(t ) andk= 0,1,2,.
Therefore:

¢ (e t)=¢¥(c.t))=0 (18)

fork 0{0,1, 2,....}.In particular the left continuity of
X (t,,7) at 7 =t, implies that of w(cr) at 7=t,.
Hence:
wlet)=w(ct ) (19)

But:
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w(c, tl’):w(c, tl)
wlet)=¢(ct )=¢(ct’)=0

Since 7 - ¢(c,7) is piecewise analytic for
rO(t - (j+Dht, - jh), for all j:t —(j+1h>0,

we may apply Taylor's theorem to each
component of (/(c, T)for the rest of the proof.

(20)

(21)

Set a =t,. Now each component of the m-vector
function ((c,T) satisfies the hypothesis of
Taylor's theorem, with a=t,, because ¢ (c, 1)

- jh),j0{0,1,..}
th

is analytic on (t -(j+1)h,t,
such that t -(j+1)h>0 . the i

component of ¢ (c,7) by ¢“ (c,r);i0{L,2,...m}
Then by Taylor's theorem,

g (et))(r-1)"
K!

Denote

(72 (c, r) = i (22)
k=0
forall 7 (tl -h, tl) . From (21) we deduce that:
¢ (c,7)=0 (23)
forall 7O(t,—h, t]; i =1 2,..m

Now set a=t —h,a-h=t -2h. By (15) and
(23) we deduce that:

zp(k’( (t—h)) zp(k’( (t—h)):o

By Taylor's theorem, applied on the T -interval
(t, —2h,t —h):

(24)

¢ et -n) ) (r=(t-))

(cr :kz " (25)
for i 0{1,2,---,m}, for all70(t, - 2h,t,—h). But
Y, (C, (t1 —h)i) =y, (C,t —h) Hence

¢ (cr)=0on (t, -t -

the above fashion we get . (C.T) =0, for all
r0(0,h] for i 0{1,2,---,

~h). Continuing in

m} . Finally we use the
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fact that x (o, )= X(o‘ ,tl) to deduce that [O,tlj for any t, > 0. This proves that if the

w(c0)=y¢(c.0)=0 system (1) is Euclidean controllable on [O,tJ

Hence w(c,r) =0, for all tD[O,tl] - that s, then Qw (t) attziins its full ranIA<, n. By theorem

OcOR", ¢ # Osuch that: 3.10f [4], rankQ, (t,) = rankQ, (t,).
¢'X(7,t,)B=0 on [0t] (26, Hence:

We immediately invoke [11] to deduce that ranan t,)=n (27)

system (1) is not Euclidean controllable on

Observe that for any given t, >0,0a non-negative integep :t, = ph+o, forsonf= o <h;

t,-h p,cz0 ~
thus = , proving the computable expressionE‘(i)n (tl)].
h p-1,0=0

The expression for the dimension follows from the fact that there are altogether
t,-h ~
n[1+ mm{ﬂ%ﬂ} ,n- 1}Jcolumn—wise concatenated matricejnt, ,( ) each of dgioanxm.

This completes the proof of the theorem.

3.2 lllustrative Example of Theorem 3.1

121 11 2 11
letA=|0 1 0|A=|1 2 3A=112B=| 2 1t= 3= o.
2 32 1-1 01

Thenm=2 and n= 3 Recall that the controllability matrix is
Qn(tl) = [QO(S)B!Ql(S)Bv"' in—:L(S)B :SD{ Oh,--, mln{[i ’ (n - 1}]}}] " an

oy o - s o o - ] o

product objects, each of dimensionn by m. Clearly,

Q,3)= [Q,()B.Q,(S)B,+.Q,(5)B :sO{ Oh, 1} |
=[Q,(0)B,Q,(0)B.Q, (0B Q, 6 B0 BQ,hBR, (BB Q, (2B Q, (A B

The rank is invariant if the controllability matrix is pruned, with the deletion of
associated zero matrices. Consequently

rankQ, (3)= ranfQ, (0B Q, (B Q, (B QB Q,HBQ, 2B Q, (2B]
=rank B,ABABQ OBQ, 0 BQ, (MBR, (2 B].

The computational result of the controllability matrix (53 (3) is as follows:



Chukwunenye; JSRR, 10(3): 1-9, 2016; Article n0.JSRR.24348

Columns 1 through 10

1 -1 6 3 20 10 4 2 40 26
2 1 2 1 2 1 5 4 41 25
1 2 10 5 38 19 4 5 53 37
Columns 11 through 18
253 152 13 11 207 256 1887 1269
179 94 17 16 230 166 1745 1093
401 247 13 14 253 200 2643 1836

By theorem 3.1, using the above parameters, the system (1) with initial function specification (2) is

Euclidean controllable on the interval [0,3] .
4, CONCLUSION

This article pioneered the introduction of the least
integer function in the statement and proof of the
necessary and sufficient conditions for the
Euclidean controllability of linear hereditary
systems; this makes the controllability matrix in
(3) quite computable and eliminates any
ambiguity that could arise in its application. The
proof relied on the results in [30,4], incorporated
the characterization of Euclidean controllability in
terms of the indices of control systems and
appropriated  Taylor's theorem as an
indispensible tool. Finally, the article provided an
illustrative example on the computation of the
controllability matrices and stated the implication
of the result for Euclidean controllability.
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