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ABSTRACT 
 

The Dirichlet’s theorem (1837), initially guessed by Gauss, is a result of analytic number theory. 
Dirichlet, demonstrated that: 
For any two positive coprime integers � and �, there are infinite primes of the form � � ��, where � 
is a non-negative integer ( � � 1, 2, … ). In other words, there are infinite primes which 
are congruent to � mod b. The numbers of the form � � �� is an arithmetic progression. 
Actually, Dirichlet checks a result somewhat more interesting than the previous claim, since he 
demonstrated that: 

� ln �
���� ��� �

→ ∞ 

Which implies that there are infinite primes, � ≡ � ��� �. 
The proof of the theorem uses the properties of certain Dirichlet L-functions and some results on 
arithmetic of complex numbers, and it is sufficiently complex that some texts about numbers theory 
excluded it. Here is a simple proof by reductio ad absurdum which does not require extensive 
mathematical knowledge. 
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1. INTRODUCTION 
 
Johann Peter Gustav Lejeune Dirichlet (1805-
1859), German mathematician to who is credited 
to the modern formal definition of a function. He 
was educated in Germany and then in France, 
where he learned from many of the most 
renowned mathematicians of the time. 
Conditions were infinitely better in France than in 
Germany, given that scientific eminence as P-S. 
Laplace (1749-1827), A. M. Legendre (1752-
1833), Fourier (1768-1830), S-D. Poisson (1781-
1840) and Augustin Louis Cauchy (1789-1857), 
were active in Paris, so that he had the chance to 
interact with some as Fourier. Their methods 
provided a completely new perspective and its 
results are among the most important in 
mathematics. Today, his techniques are more 
booming than never [1]. Their contributions were 
mainly in the area of mathematical analysis, 
theory of groups, infinite series, differential 
equations, determinants, probability and 
mathematical physics. 
 
The theorem known as the Direchlet’s theorem, 
was really guessed by Gauss (1777-1855), but it 
was Dirichlet who finally achieved his 
demonstration in 1837, [2]. 
 
Dirichlet’s theorem: 
 

For any two positive coprime integers � and � , there are infinitely many primes of the 
form � � �� , where �  is a non-negative 
integer (� � 1, 2, …). 

 
Dirichlet proved this theorem using Dirichlet 
series, but the test is so complex that               
the classical texts of number theory excludes                  
it, for example, Hardy & Wright [3] say:               
“this theorem is too difficult for insertion in this 
book”. 
 
In order not to make this article very                  
extensive we include a short proof of                   
Dirichlet theorem, eliminating some corollaries 
marked as [Cor] . The full demonstration is in 
[4,5]. 
 
After that, it comes a simple proof of the 
theorem, using the fundamental theorem of 
arithmetic which simplifies their understanding 
and aplications.  

2. SHORT PROOF OF DIRICHLET’S 
THEOREM [6] 

 
2.1 Definitions 
 

1. One Dirichlet L-función [7,8] is a function 
of the form: 

 

� !, "# � ∑ % &#
&'∞&�(   

 
Where ! ∈ ℂ and " are Dirichlet characters. 

 
2. Let + a finite commutative group1 of order ℎ and element unit -. 
3. A character on + is a function: 

 " ∈ ℂ ∕  " ≠ 0, "  1 · 3# � " 1# · " 3# ∀1, 3 ∈ + 
 
2.2 Properties [9,10] 
 
There are several important properties of a 
character on +: 
 

1. It is called a main character of 
commutative Group + the function "5 such 
that "5 1# � 1  for all 1 ∈ Ԍ . The main 
character makes as element unit in the 
group of characters.  

2. Since both the inverse of a character on + 
and the product of two characters on + is 
also a character on +, the set of characters 
on +  forms a commutative group with 
multiplication. 

3. As " -# � 1 and given that the order of an 
element divides the order of the group, 

then ∀1 ∈ Ԍ 6" 1#78 � " 18# � " -# � 1 , 
what means then |" 1#| � 1.  

4. Since the number of roots of the unit 
element of order ℎ is as max ℎ, the number 
of characters : is finite, the ℎ8 value being 
an upper bound for :. 

 
On the other hand, ∀1 ∈ Ԍ, 1 ≠ -   there is a 
character, " ∕  " 1# ≠ 1  ([Cor] ). For this reason, 
and if it is represented by ∑ �%Ԍ  the sum of the 
value �%  associated with each of the different 
characters of the group Ԍ , there are other 
properties ([Cor] ): 
                                                           
1 Although this topic talks about groups in general, those, who 
are not familiar with the theory of groups, will be limited to 
identifying the Group +  with reduced residual class sets: + � ;<∗ 
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2.3 Other Properties 
 

1. ∀1 ∈ Ԍ, we have that: ∑ " 1# � >:   if   1 � - where : � ∑ 1Ԍ0   if  1 ≠ -                              E
Ԍ  

 

2. ∀1 ∈ Ԍ, we have that: ∑ " 1# � Fℎ   if   " � "5                            0   if  " ≠ "5                              EG∈Ԍ  

Where ℎ is the order of Ԍ where : � ℎ 
 

3. ∀1, 3 ∈ Ԍ, we have that : 
(
8 ∑ % G#

% H# � >1  if  1 � 30  if  1 ≠ 3E%  

 

4. ∀"( , "I ∈ Ԍ, we have that: 
(
8 ∑ %J G#

%K G# � F1  if  "( � "I0  if  "( ≠ "I
EG∈Ԍ   

 
2.4 Proof of the Theorem Made by Dirichlet 
 
With these definitions and characteristics of the group Ԍ, Dirichlet proceeded with his demonstration: 
 

1. Given a L ∈ ℕ  the "  characters of the group Ԍ � ;<∗  are defined as congruence classes 
module L of coprime numbers with L. 

2. The Ԍ group has N L# elements, and they can be represented by Ԍ � O�(, �I, … , �P <#Q, where 
the different �R  are representatives of the congruence classes that satisfy the condition 0 < �T < L, and in this context Dirichlet defined the extended functions of the " characters of 
Ԍ  in the following way:  

 

" �# � F" �R# if  n ≡ �R mod L 
0         if gcd �, L# > 1 E 

 
Note:  These functions are called Dirichlet characters module L  and they are completely 
multiplicative. There are N L# functions and one of them is called main character of Dirichlet: 

 

"5 �# � F" �R# if  n ≡ �R  mod L      
0         if gcd �, L# > 1    E 

 
These characters have some significant properties (derived from the sections 2.2 and 2.3):  

 
a. ∑ " �# � FN L#  if   χ � "5     0       if    χ ≠ "5   E& ��� <  

b. ∑ " 1# � FN L#  if   u ≡ 1 mod L     0       if    u ≢ 1 mod L   E& ��� <  

c. ∀� ∈ ℕ   gcd a, q# � 1 It should be: 
 

� " 1#
" �# � >N L#  if   1 � �     0       if    1 ≠ a     E

& ��� <
 

 
3. In the Dirichlet L-function,  � !, "# � ∑ % &#

&'∞&�(  the "  values are periodic, implying that the 

� !, "#  series converges absolutely to ℜ !# > 1  and uniformly to ℜ !# > 1 � ](, ∀] > 0 . In 
addition, the coefficients are completely multiplicative, the series supports the following 
expression when ℜ !# > 1, within � primes: 
 

� !, "# � ^ _1 − " �#
�a bc(

�
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4. The Dirichlet L-funtion has the following properties ([Cor] ): 
 
a. � !, "# ≠ 0  

b. � !, "5# � d !# · ∏ f1 − (
�'g�∣< , where d !# is the Euler Zeta function and Riemann (1826-

1866) [11], extended it to the complex plane in its demonstration of the prime numbers 
less or equal to a � number2. 

c.  
i′ a,%#
i a,%# � − ∑ % &#Ʌ &#

&'∞&�(    

d.  ln � !, "## � ∑ ∑ (
�   % �##j

�j·'∞��(�   

 
5. From point 4b equality and the properties of the d  function is deduced that the � !, "5# 

function is analytic in the complex semi plane ℜ !# > 0 with the exception of one pole in ! �
1, whose residue is ∏ f1 − (

�'g�∣< � P <#
< . 

 

As a result, it can be said that � !, "5# � k !# � P <# <l
ac(  where k is analytical and does not have 

singularities in ℜ !# > 0, then the function: 
 

�′ !, "#
� !, "# � k ′ !# − N L# L⁄ ! − 1#I

k !# � N L# L⁄! − 1
�  ! − 1#Ik ′ !# − N L# L⁄

6 ! − 1#k !# − N L# L⁄ 7 ! − 1# 

 
Also, it has a pole in ! � 1 with residue: −1.  
 

6. All Dirichlet L-function � !, "# with " ≠ "5 is analytical and does not have singularities in the 
area ℜ !# > 0 [Cor] . 
 

7. For n > 0, we have that ([Cor] ): 
 
 

� ln �#
�o �  � Ʌ �#

�o − p 1#
&�� ��� <��� ��� <

 

� −1
N L# · �′ n, "5#

� n, "5# − 1
N L#" �# � �′ n, "#

� n, "# − p 1#
q ��� <qrqs

 

 
This expression is the key for the demonstration and Dirichlet showed that the theorem is true 
if the first term of the second member diverges when the remaining terms remain within some 
limits. 
 

8. Because is fulfilled that � 1, "# ≠ 0 when " ≠ "5 the following equation: 
 

 limo→( (
P <#% �# ∑ i′ o,%#

i o,%# � (
P <#% (#q ��� <qrqs

∑ i′ (,%#
i (,%# � p 2#q ��� <qrqs

 

 

Gets a finite value, and 
(

%s �# · i′ o,%s#
i o,%s# � i′ o,%s#

i o,%s#  has a pole in ! � 1  with residue −1 , then it 

satisfied that: 
 

limo→(t
�′ n, "5#
� n, "5# � −∞ 

                                                           
2 The zeta function is defined for ! ∈ ℂ s by  d !# � ∑ (

&' � ∏  1 − �ca#c(�∞&�(  . 
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Which implies that: 
 

� ln �#
� � limo→(t � ln �#

�o
��� ��� <��� ��� <

� −1
N L# u limo→(t

�′ n, "5#
� n, "5# � p 2#v � p 1# � ∞ 

 
Thus, concluding the proof of Dirichlet’s theorem. 
 
3. NEW DEMONSTRATIVE PERSPECTIVE 

OF DIRICHLET’S THEOREM  
 
3.1 Definitions 
 
Definition 1.  An integer � > 1 is a prime if only 
its divisors are 1 and �. If � is not a prime, then it 
is a composite number [12]. 
 
Definition 2.  Let � and � two integers, some of 
them can differ from zero. The greatest common 
divisor (gcd) on �  and �  is the largest positive 
integer � noticed by  �, �# � � that divides both � 
and � . In the case in which  �, �# � 1, we say 
that �  and  �  are related primes. An immediate 
consequence of the definition States that if  �, �# � 1 and  �, :# � 1, then  �, �:# � 1. 
 
Definitión 3.  If � is a positive integer, we say that 
two integers �  and �  are congruent module �  If 
there is a n ∈ ℤ such that � − � � n�. We will use � ≡ � ��� � notation to indicate that � and � are 
congruent module �.  
 
In mathematics, congruent module � is known as 
modular arithmetic [13]. Modular arithmetic is a 
system of arithmetic for integers, where numbers 
"wrap around" upon reaching a certain value—
the modulus . The modern approach to modular 
arithmetic was developed by Carl Friedrich 
Gauss  in 1798 when he was 21 years old and it 
published in 1801 in his book Disquisitiones 
Arithmeticae (In Latin, in English:: Arithmetical 
Investigations), when he was 24 years old. In this 
book Gauss brings together results in number 
theory obtained by mathematicians such 
as Fermat, Euler, Lagrange and Legendre and 
adds important new results of his own [14].  
 
The congruence relation module �  in  ℤ   is 
equivalence and therefore divides ℤ  into 
equivalence classes so that any of two of them 
are disjoint, i.e.: 
 ℤ � ⋃ yz{&c(T�5  with yz{ � |z � n�:   n ∈ ℤ~ 
 
Where [z] is the j-th equivalence class module �. 
Whenever an integer � belongs to any of the � 

equivalence classes, we will say that it is a 
representative of that class [15,16]. 
 
3.2 Fundamental Theorem of Arithmetic 
 
Every natural composite number � > 1  can be 
factored uniquely as: 
 � � �(oJ�IoK × ⋯ × �ao' 
 
Where �(, �I, ⋯ �a  are different primes and n(, nI, ⋯ , na  are positive integers. This 
factorization is called the prime factorization of �, 
[17,18]. 
 
3.3 Theorem   
 
Let �  and �  relative primes, then there exist 
infinity primes � congruent � ��� �. 
 
Demonstration. We will make the demonstration 
by reduction ad absurdum, i.e. assuming that 
there is a prime � congruent  � ��� � , which is 
the largest. As a result, if �(, … , ��  are primes 
congruent � ��� �, then �R ≤ � for all � � 1, … , �. 
On the other hand, � � � � ��  for some  � ∈ ℕ 
and  �, �# � 1, if not � can’t be a prime.  On the 
other hand, given that  �, �# � 1  It follows that  �, ��# � 1. In addition, we affirm that  �, �# � 1. 
Namely, if not, there is n ∈ ;  such as � � n�, , 
which  n − 1#� � ��, and this contradicts the fact 
that � and �� are related primes. 
 
Then, taking into account the fundamental 
theorem of arithmetic, � can be represented as:  
 � � �(oJ × �IoK × ⋯ × �ao' 
 
Where n(, nI, ⋯ , na , are non-negative integers 
and �(, �I, … , �a  are different primes. Since � →
∞, and the primes are infinites, then ! → ∞. 
 
Defining a number L as well: 
 L � � � ���     � � � ��(oJ × �IoK × ⋯ × �ao' × �        
 
Where � ≤ �a. 
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As primes are infinite, then when �a is going to 
infinity, it is obvious that, L is not divisible by any 
prime when ! → ∞ , [( �a  and na ) → ∞ ], since it 
would result �  residue, then, given that  �, ���# � 1,  L  is divisible only by 1 and itself, 
i.e., L  is prime, which turns out to be 
contradictory since we had assumed that � was 
the largest prime, and we have found that L is 
prime, L > �  and L ≡ � ��� � , so, there are 
infinite primes � � ��. Thus, Dirichlet’s theorem 
is demonstrated. 
 
4. CONCLUSIONS 
 
The demonstration by Dirichlet requires 
advanced knowledge of number theory. 
Therefore, some authors about books on theory 
and numerical analysis do not include their 
demonstration process. Here, it has been 
presented a very simple test available to people 
who don't have a great mathematical knowledge, 
as well as David Hilbert said (1862-1943), (also 
known as enunciating 23 mathematical problems 
that had not been resolved so far, some of them 
in the last 115 years already found solution), in 
1900 in Paris, at the opening of the second 
International Congress of mathematics dedicated 
to "indicate probable directions of the 
mathematics of the new century", highlighting 
what he expressed in that Conference: 
 

…“ Besides it is an error to believe that rigor 
in the proof is the enemy of simplicity. On the 
contrary, we find it confirmed by numerous 
examples that the rigorous method is at the 
same time the simpler and the more easily 
comprehended”…, [19].  

 
This way of seeing Dirichlet’s theorem, helps to 
solve other conjectures related to primes. 
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