
British Journal of Mathematics & Computer Science
4(4): 453-459, 2014

SCIENCEDOMAIN international
www.sciencedomain.org

The Single-valued Character of Some Class of
Multi-valued Admissible Mappings

Miroslaw Slosarski∗

Technical University of Koszalin, sniadeckich 2, PL-75-453 Koszalin, Poland.

Original Research
Article

Received: 13 September 2013
Accepted: 17 October 2013

Published: 16 November 2013

Abstract
In the countably dimensional, separable and locally compact spaces, some class of admissible
mappings was defined that is also closed due to composition and that has similar properties to the
properties of single-valued mappings. A certain property of these maps was applied in the proof of
Theorem 3.7, which is the main result of this work.
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1 Introduction
In 1976, L. Górniewicz defined the notion of multi-valued admissible mappings, the composition of
which is also a multi-valued admissible mapping. It turns out that thanks to Theorem 2.8, some
class of multi-valued, admissible mappings can be displayed in the class of admissible mappings,
of a topological character, that is closed due to composition and has many properties similar to the
properties of single-valued mappings. Particularly in Theorem 3.7 it has been proven that in Euclidean
spaces closed sets of ANR-type that are mutli-valuedly contractible to a point are absolute retracts.

2 Preliminaries
Throughout this paper all topological spaces are assumed to be metrizable. A continuous mapping
f : X → Y is called proper if for every compact set K ⊂ Y the set f−1(K) is nonempty and compact.
A proper map p : X → Y is called a cell-like map provided for every y ∈ Y the set p−1(y) is of trivial
shape. The notion of shape (Sh) is understood in the sense of Borsuk (see (1)). Let X and Y be two
spaces and assume that for every x ∈ X a non-empty and closed subset ϕ(x) of Y is given. In such
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a case we say that ϕ : X ( Y is a multi-valued mapping. For a multi-valued mapping ϕ : X ( Y
and a subset U ⊂ Y , we let:

ϕ−1(U) = {x ∈ X; ϕ(x) ⊂ U}.

If for every open U ⊂ Y the set ϕ−1(U) is open, then ϕ is called an upper semi-continuous mapping;
we shall write that ϕ is u.s.c. A space X is of countable dimension if

X =

∞⋃
n=1

Xn, where dimXn <∞ for all n. (2.1)

Let ϕ : X ( Y be a multi-valued map and let A ⊂ X be a non-empty set. The symbol ϕA will be
used to denote the mapping ϕA : A( Y given by the formula:

ϕA(x) = ϕ(x) for each x ∈ A. (2.2)

Definition 2.1 We say that an admissible map (see (2)) ϕ : X ( Y is TSA-type (we write
ϕ ∈ TSA) if there exist a selected pair (p, q) ⊂ ϕ and a metrizable space Z such that p : Z → X is a
cell-like map and q : Z → Y is a continuous map.

Definition 2.2 We say that an s-admissible map (see (2)) ϕ : X ( Y is STSA-type (we write
ϕ ∈ STSA) if there exist a selected pair (p, q) = ϕ and a metrizable space Z such that p : Z → X is
a cell-like map and q : Z → Y is a continuous map.

Proposition 2.3 (see (3; 4)) Let ϕ : X ( Y be a TSA (STSA)-type, f : P → X, g : Y → T
continuous maps and A ⊂ X a non-empty set. Then the following conditions are satisfied:
2.3.1 (g◦ϕ) ∈ TSA (STSA),
2.3.2 (ϕ ◦ f) ∈ TSA (STSA),
2.3.3 (ϕA) ∈ TSA (STSA).
The following remark is obvious:
Remark 2.4 An u.s.c. map ϕ : X ( Y such that for each x ∈ X ϕ(x) is compact and of trivial

shape, is STSA-type.
Definition 2.5 (see (4)) Let ϕ,ψ : X ( Y , ϕ,ψ ∈ TSA. We say that an admissible map

χ : X × [0, 1] ( Y is a TSA-homotopy connecting ϕ with ψ if the following conditions are satisfied:
2.5.1 χ ∈ TSA,
2.5.2 χ(x, 0) = ϕ(x) and χ(x, 1) = ψ(x) for each x ∈ X.
In this case the maps ϕ and ψ are said to be TSA-homotopic (notion: ϕ ∼TSA ψ).

Definition 2.6 (see (4)) LetX be a metrizable space. We say that a spaceX is TSA -contractible
to a point x0 ∈ X (TSA-contractible) if there exists a TSA-homotopy χ : X × [0, 1] ( X such that

χ(x, 0) = {x}, χ(x, 1) = {x0} for each x ∈ X.

Definition 2.7 (see (5)) A proper surjection f : X → Y is called a shape equivalence if for
every ANR Z the map f produces a one-to-one correspondence f∗ between the homotopy classes
of C(Y,Z) and C(X,Z). Here C(A,B) stands for the space of continuous mappings from A into B.
For this article, the most important piece of information is that if the mapping f : X → Y is a shape
equivalence, then

ShX = ShY.

Theorem 2.8 (see (6)) Let X and Y be compact, metrizable spaces. Let f : X → Y be a cell-like
map such that the set

{y ∈ Y : f−1(y) is a non-degenerate set}
is contained in a compact and countable dimensional subset of Y . Then for every closed subset A of
Y the map

f/f−1(A) : f−1(A)→ A
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is a shape equivalence.
Definition 2.9 Let A ⊂ X,A 6= X be a non-empty set. We say that a multi-valued u.s.c. map

ϕ : A ( Y has an elementary extension if there exists an u.s.c. map ϕ̃ : X ( Y such that
ϕ̃X\A : X\A( Y is a continuous function and for each x ∈ A ϕ̃(x) = ϕ(x).

3 Main Result
If it is assumed that a metrizable space X is countably dimensional, then it shall be denoted by
X ∈ CD; if it is separable, then it will be denoted by X ∈ S; and if it is locally compact, the denotation
is X ∈ CL. If a metrizable space X satisfies a couple of the above conditions, e.g. it is both locally
compact and separable, then it will be denoted by X ∈ CLS. Firstly, the following fact should be
noted: (Proposition 8.10, p. 40, see (2))
Proposition 3.1 Let p1 : X → Y and p2 : Y → Z be cell-like maps. Assume that Y ∈ CDS. Then

p = p2 ◦ p1 : X → Z

is a cell-like map.

Proof. Let z ∈ Z. We observe that the map

p′1 : p−1
1 (p−1

2 (z))→ p−1
2 (z), p′1(x) = p1(x) for each x ∈ p−1

1 (p−1
2 (z))

is cell-like. Hence and from Theorem 2.8

Shp−1
1 (p−1

2 (z)) = Shp−1
2 (z),

so p is a cell-like map.

The following class of multi-valued mappings will be defined:
Definition 3.2 We say that a TSA- map ϕ : X ( Y is TSACD -type (we write ϕ ∈TSACD ) if there
exist a pair (p, q) ⊂ ϕ such that p : Γ→ X is a cell-like map and Γ ∈ CDS.
From the Proposition 3.1 it results that the set of multi-valued mappings of TSACD -type is closed due
to composition.

Proposition 3.3 If ϕ : X ( Y and ψ : Y ( T are TSACD maps then the composition ψ ◦ ϕ :
X ( T is a TSACD map.

Proof. We have the following diagram:

X
p1←−−−−− Γ1

q1−−−−−→ Y
p2←−−−−− Γ2

q2−−−−−→ T ,

where p1, p2 are cell-like maps and q1, q2 continuous maps. From assumption

Γ1,Γ2 ∈ CDSCL,

so the space
Γ = {(γ1, γ2) ∈ Γ1 × Γ2 : q1(γ1) = p2(γ2)} ∈ CDSCL.

Hence and from Proposition 3.1 and Theorem 40.5 (see (2), p. 201) the proof is complete.

In the field of the extension of mappings of TSACD -type, there exists the following fact:
Theorem 3.4 (see (3; 7)) Let X ∈ CDSCL, A ⊂ X be closed in X (A 6= X) and let Y ∈ ANR

(Y ∈ AR). Assume that a multi-valued map ϕ : A ( Y is TSACD -type. Then ϕ has an elementary
extension (see Definition 2.9) ϕ̃ : U ( Y (ϕ̃ : X ( Y ), where U ⊃ A is some open set in X.

Proof. The proof can be found in (3).
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From the previous Theorem it results that a multi-valued mapping of TSACD -type can be extended
in the same way that the single-valued ones can be extended and their extensions are single-valued
as well. In the spaces that are separable, countably dimensional and locally compact, multi-valued
mappings of TSACD -type can also be used for the characterization of sets of ANR (AR) type. It is
known that a space X ∈ ANR (X ∈ AR) if there exist continuous mappings f : U → X (f : E → X)
and g : X → U (g : X → E) such that for every x ∈ X f(g(x)) = x, where U ⊂ E is an open
subset of some normed space E. If the mapping g is substituted with a multi-valued mapping of
TSACD -type, then the class of spaces of ANR (AR) type will not change.

Proposition 3.5 Let X ∈ CDSCL, X ∈ ANR (X ∈ AR) and let A ⊂ X be a non-empty and
closed set. If there exists a continuous map f : U → A (f : E → A) and a u.s.c multi-valued map
ϕ : A( U (ϕ : A( E), where U ⊂ E is some open set in a normed space E such that the following
conditions are satisfied:
3.5.1 for each x ∈ A f(ϕ(x)) = {x},
3.5.2 ϕ has an elementary extension ϕ̃ : V ( U (ϕ̃ : X ( E), where V ⊃ A is some open set in X.
Then A ∈ ANR (A ∈ AR).

Proof. We define a map r : V → A (r : X → A) given by the formula:

r(x) = f(ϕ̃(x)) for each x ∈ V (x ∈ X),

where ϕ̃ : V ( U (ϕ̃ : X ( E) is an elementary extension of ϕ and V ⊃ A is some open set in
X. From 3.5.2 and 3.5.1 the map r is a continuous function and for each x ∈ A r(x) = x. Hence
A ∈ ANR (A ∈ AR).

From the previous fact as well as from Theorem 3.4 and Proposition 2.3, the result is the following:
Proposition 3.6 Let X ∈ CDSCL, X ∈ ANR (X ∈ AR). Assume that a metrizable space Y is
embedded as a closed set of a space X. If there exists a continuous map f : U → Y (f : E → Y )
and a u.s.c multi-valued map ϕ : Y ( U (ϕ : Y ( E), where U ⊂ E is some open set in a normed
space E such that the following conditions are satisfied:
3.6.1 for each y ∈ Y f(ϕ(y)) = {y},
3.6.2 ϕ ∈TSACD .
Then Y ∈ ANR (Y ∈ AR).
In the field of homotopy (Definition 2.5), the Theorem on the extension of homotopy can be proven
(see (4)). This results in the following theorems:

Theorem 3.7 Let Y ∈ AR and Y ∈ CDSCL. Assume that a metrizable space X ∈ ANR is
embedded as a closed set of a space Y . If X is TSA-contractible then X ∈ AR.

Proof. Let H : X × [0, 1] ( X be a TSA - homotopy such that for any x ∈ X

H(x, 0) = {x} and H(x, 1) = {x0}, (3.1)

where x0 ∈ X is a stationary point. From definition the map H is TSA- type, so there exist a space
Z ⊂ E (E is a normed space) and maps p : Z → X × [0, 1] ⊂ Y × [0, 1], q : Z → X such that p is a
cell-like map and q is continuous and for any (x, t) ∈ X × [0, 1]

q(p−1(x, t)) ⊂ H(x, t) and (3.2)

q(p−1(x, 1)) = {x0}. (3.3)

We define the map ψ : (X × [0, 1]) ∪ (Y × {1}) ( X given by formula:

ψ(x, t) =

{
H(x, t) for (x, t) ∈ X × [0, 1],

{x0} for (x, 1) ∈ Y × {1}.
(3.4)
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We show that ψ ∈ TSA. The map ϕ : X × {1}( Z × {1} ⊂ E × {1} given by

ϕ(x, 1) = p−1(x, 1)× {1} for all (x, 1) ∈ X × {1}

has an elementary extension (see Theorem 3.4) ϕ̃ : Y × {1}( E × {1}. Let

A =
⋃

(x,t)∈X×[0,1]

p−1(x, t)× {t}, B = E × {1}, (A ∪B) ⊂ E × [0, 1].

We observe that
A ∩B =

⋃
x∈X

p−1(x, 1)× {1}. (3.5)

Let χ : (X × [0, 1]) ∪ (Y × {1})(A ∪B) be a map given by formula:

χ(x, t) =

{
p−1(x, t)× {t} for (x, t) ∈ X × [0, 1],

ϕ̃(x, 1) for (x, 1) ∈ Y × {1}.

It is clear that for each (x, t) ∈ (X× [0, 1])∪(Y ×{1}) χ(x, t) is of a trivial shape. Let q̃ : (A∪B)→ X
be a map given by formula:

q̃(z, t) =

{
q(z) for (z, t) ∈ A,
x0 for (z, 1) ∈ B.

From (3.3) and (3.5) the map q̃ is continuous. We observe that from (3.2) and (3.3) for any (x, t) ∈
(X × [0, 1]) ∪ (E × {1})

q̃(χ(x, t)) ⊂ ψ(x, t).

From Theorem 3.4 there exists an elementary extension

ψ̃ : U ( X of ψ, (3.6)

where U ⊂ Y × [0, 1] is an open set in Y × [0, 1] and ((X × [0, 1]) ∪ (Y × {1})) ⊂ U . There exists an
open set V ⊂ Y such that X × [0, 1] ⊂ V × [0, 1] ⊂ U and a Urysohn map λ : Y → [0, 1] such that

λ(x) = 1 for any x ∈ Y \V and λ(x) = 0 for any x ∈ X. (3.7)

Let f : Y → U (see (8), (8.2), p. 94) be a map given by formula

f(x) = (x, λ(x)) for all x ∈ Y.

We define a map r : Y → X given by formula:

r(x) = ψ̃(f(x)) for all x ∈ Y.

We show that the map r is single-valued. If x ∈ Y \V then from (3.7), (3.4) and (3.1)

r(x) = ψ̃(f(x)) = ψ̃(x, 1) = H(x, 1) = x0.

If x ∈ X then from (3.7), (3.4) and (3.1) we have

r(x) = ψ̃(f(x)) = ψ̃(x, 0) = H(x, 0) = x. (3.8)

If x ∈ V \X then from (3.7)

f(x) = (x, λ(x)) ∈ (V × [0, 1])\(X × [0, 1])

and from (3.6) (see Definition 2.9) the set

ψ̃(f(x)) = ψ̃(x, λ(x)) is single-valued.

From (3.8) the map r is a retraction and the proof is complete.
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It is a known fact that if a space X ∈ ANR (not necessarily finitely or countably dimensional) is
contractible to a point, then X ∈ AR. If in the class of countably dimensional, separable and
locally compact spaces contractibility is substituted with TSA-contractibility, then the result will be
the same even though the notion of TSA-contractibility is essentially more general (see (4)). It is
clear that if a compact space is of trivial shape (not necessarily contractible to a point), then it is TSA-
contractible (see (4)). Finally, it should be noted that particularly multi-valued mappings ϕ : Rn ( Rm

of TSACD -type, where Rn denotes an n-dimensional Euclidean space, have similar properties to the
properties of single-valued mappings. Thanks to that, these mappings can be used for examining
some properties of sets in Euclidean spaces.

4 Conclusions
In the article, it is shown that there exists some class of admissible mappings, ϕ : Rn → Rm that is
closed due to a composition and has similar properties to the properties of single-valued mappings,
e.g. in the range of fixed points, elementary extensions and the characterization of absolute retracts
and absolute neighbourhood retracts. The main result of the article is Theorem 3.7 in which it is
proven that a closed and non-empty set X ⊂ Rn, X ∈ ANR, which is multivaluedly contractible to a
point (not necessarily contractible to a point) is an absolute retract.
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