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Abstract

The dynamics response of Beam on elastic foundation with axial force to partially distributed moving
loads was examined. The fourth order partial differential equation which is the governing equation was
first reduced to second order differential equation by assume a solution in form of series solution and
maple software was finally employed to obtain numerical solution in order to determine the behaviour of
the system of discussion. The effect of mass of the beam on both the moving force and the moving mass
were examined. It was noted that increase in mass of the beam is an increase in the transverse
displacement for both the moving force and the moving mass with respect to both the tensile and the
compressive forces. Again, it was observed that as the axial force increases, the displacement decreases
under the action of the moving force but reverse is the case for the moving mass in that, as the axial force
increases the displacement is equally increases for the tensile force but for compressive force, the
displacement increases as the axial force increases. More so, it was discovered that deflection due to
compressive force is greater than that due to tensile force. Furthermore, it was discovered that the
displacement decreases as the elastic foundation (k) increases for both the moving force and the moving
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mass for fixed value of M and S with respect to tensile force and compressive force. Finally, the
deflection due to compressive force is greater than that due to tensile force while the deflection due to
moving mass is greater than that due to moving force.

Keywords: Force; axial force; partially distributed; elastic foundation and moving loads.
1 Introduction

The Dee bridge disaster which was a rail accident caused tremendous human loss in England on 24th May,
1847 in Chester. Then after, there was such occurrence tagged “Collapse of Tay Bridge “on 28" December,
1879 in Britain. This was reported to be the worst structural failure to have occurred in terms of both lives
lost and the size of the failed structure. Several books have been written on the said disaster by [1,2,3] and
this is in no doubt attracted the attention of many researchers in the field of civil engineering, physics and
applied mathematics to have interest in doing findings on the dynamic beam structures carrying moving
loads on them.

Akinpelu [4] examined the response of viscously damped Euler-Bernoulli beam to uniform partially
distributed moving loads. Here, it was observed that the beam has more than one mode of vibration with
each mode having a different natural frequency. Concerning the result, it was discovered that as the mass of
the load increases the amplitude is also increases and the value of the magnification factor occurs for a value
o less than one as € = 0.1.

Akinpelu and Sangoniyi [5] studied dynamics response of simply supported axial force Euler-Bernoulli
beam subjected to partially distributed moving load. In this study, the effect of axial force and mass of the
beam on the moving force were examined with respect to both the tensile and the compressive forces. It was
observed that as the mass of the beam increases, the transverse displacement is also increases for both the
tensile and the compressive forces under the actions of the moving force and that of the moving mass. It was
equally observed that as the axial force is increasing, the displacement is decreasing for the tensile force for
the moving force while in the case of compressive force, as the axial force increases, the displacement is also
increases for both the moving force and the moving mass.

Dobromir dinev [6] considered the analytical solution of beam on elastic foundation by singularity functions.
The basic methods for solving the governing equations ware considered and their advantages and
disadvantages were analyzed.

Michaltsos [7] examined the parameters affecting the dynamic response of light (steel) bridges. The author
was able to bring together and examined a lot of parameters that are usually not taken into account either
during the design of a bridge or because some assumptions were supposed by the designer to hold true for
the design and the calculations of a bridge.

Dynamic Behaviour of a double Rayleigh Beam-System due to uniform partially distributed Moving Load
was examined by Gbadeyan and Agboola [8]. The solutions of the problem formulated for the beams
subjected to a uniform partially distributed moving load were found by applying the Fourier and Laplace
integral transform techniques. It was found that the maximum amplitudes of deflection of the beams
increases as the speed of the moving load increases. It was also discovered that the maximum amplitude of
deflections of the upper beam increases while that of the lower beam decreases due to the increase of the
rotary inertia. Finally, it was also found that the amplitudes of deflection of both beams increase with
increase in the fixed length of the load.

The Effects of linearly varying distributed moving loads on beams was considered by Gbadeyan and Dada
[9]. The study examined the problem of assessing the dynamic behaviour of simply supported undamped
Bernoulli-Euler beams under a linearly varying distributed moving load. The governing equation for the
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mathematical model was analytically simplified into a set of ordinary differential equations that are solved
by using Duhamel integral.

Adetunde et al. [10] investigated the dynamic analysis of non pre-stressed Rayleigh beam carrying an added
mass and traversed by uniform partially distributed moving load. The authors’ modeled the problem
mathematically in such a way that the moving load is small compared with mass of the beam. It was
observed from the result that; the amplitude deflection decreases as the length of the load (¢) increases for a
fixed value of the moving load (M)

Chopade and Barjibhe [11] considered free vibration analysis of fixed free beam with theoretical and
numerical approach. The authors placed their focus on the analysis of transverse vibration of fixed free beam
and also investigated the mode shape frequency. It was concluded that theoretical data is in good agreement
with numerical results with negligible error.

Gbadeyan et al. [12] investigated Dynamic Response of Two Viscoelastically Connected Rayleigh Beams
Subjected to Concentrated Moving Load. The governing differential equations of the problem were solved
by using the finite Fourier Integral and Laplace transformation techniques with respect to the prescribed
initial and boundary conditions. The effects of the velocity of the moving load, rotary inertia of the beam,
stiffness coefficient and damping coefficient of the joining layer on the deflections of the beams were also
highlighted. It was found that the amplitude of the deflection of both the upper and lower beams increases
with increasing values of velocity of the moving load.

Nawal [13] considered free vibration of simply supported beam subjected to axial force. The author
examined the free transverse vibrations of a uniform beam that is simply supported at both ends subjected to
a static axial force. The beam considered for this study are of different shapes of cross section, that is,
Rectangle section, Box section, I - section and T — section with the same value of area for all but different
values of second moment of area. The effects of static axial force (tension and compression) on the
characteristics of vibration were considered. It was shown that the beam of rectangular cross section and that
of T — section have the least and the highest natural frequency respectively when compared with other types
for the same applied force. José [14] examined the dynamic loads in new engineering codes for railway
bridges in Europe and Spain.

Ogunyebi and Sunday [15] worked on the response of a non -uniform beam transverse by mobile distributed
loads. The author investigated the response of non-uniform beam under tensile stress and resting on an
elastic foundation. The fourth order partial differential equation governing the problem was solved when the
beam is transverse by mobile distributed loads. The elastic properties of the beam, the flexible rigidity, and
the mass per unit length were expressed as functions of the spatial variable using Struble’s method. It was
observed that the deflection of non-uniform beam under the action of moving masses is higher than the
deflection of moving force when only the force effects of the moving load was considered.

Omolofe and Ogunyebi [16] considered the transverse vibrations of elastic thin beam resting on variable
elastic foundations subjected to traveling distributed forces. The robust techniques called Galerkin’s method
in conjuction with integral transform method were used to treat the fourth order partial differential equations
describing the motion of the beam load system. It was equally found that the incorporating axial force N,
foundation modulus K and a damping term in the governing equation of motion increase the critical velocity
of dynamical system, thereby reducing the risk of resonance.

You-Qi Tang et al. [17] studied parametric resonance of axially moving Timoshenko beams with time-
dependent speed. The Hamilton principle was employed to obtain the governing equation which is a
nonlinear partial-differential equation due to the geometric nonlinearity caused by the finite stretch of the
beam. The method of multiple scales was applied to predict the steady-state response. The stability of
straight equilibrium and nontrivial steady-state response were analyzed by using the Lyapunov linearized
stability theory. Some numerical examples were presented to demonstrate the effects of speed pulsation and
the nonlinearity in the first two principal parametric resonances.
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Obviously, when the distributed loads are moving on a structure, they produce greater deflection and stresses
than when such loads are static, thus, the analysis of the behaviour of beam under moving loads are of great
importance to those in the field of structural engineering, physics and applied mathematics, hence, there is
need for the study of moving load on elastic foundation which is of great importance in the field of
transportation.

This paper examined the simply supported dynamics response on elastic foundation axial force Euler-
Bernoulli beam subjected to partially distributed moving load and the main objectives of the study are stated
thus:

i.  Toreduce the fourth order partial differential equation to second order differential equation.

ii. To solve the second order differential equation analytically using maple software.

iii. To examine the effects of mass of the load on the displacement response of simply supported beam
under the action of moving force and moving mass.

iv. To determine the effects of axial force on the moving force and the moving mass.

v. To compare the displacement response of simply supported beam due to moving force and moving
mass.

vi. To make comparison between the displacement response of simply supported beam with tensile and
compressive forces.

2 The Governing Equation

Dynamics response of Beam on elastic foundation with axial force to partially distributed moving loads was
considered and the governing equation is given as equation (1) which is:

aZ

Py (EI(x)—SyJ+m(x)+ky F(x,t) 1)

The boundary and initial conditions are:

0.0 =y (0,)=0
)

WLH=y (L1)=0
y(x0) =y (x0)=0 3)

Where; V is the constant velocity of the load, € is the length of the beam, E is the young modulus, I is the
moment of inertial, EI is the flexural rigidity, y is the deflection/transverse displacement, x is the Coordinate,
t is the time, M is the mass of the load or beam, m is the mass per unit length, g is the acceleration due to

gravity, H is the Heaviside unit function, 5 =vt + - is the fixed length of the load, S is the axial force, k is

F(x,t) .

the elastic foundation and F(x, t) is the applied force. This applied force per unit length is the

uniform partially distributed moving load which is given as

2
Elay vy —sya +ky=F(x,t)
ox* or’ @

3 Method of Solution

Substitute for the applied force F (x, t) into equation (1) to have equation (5) as:
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T Y ctoe | Mommt T2 42, @Y 20y (_ fj_[__fj
axz[EI(X)axz SyJ+m(x) pw +ky= (Mg M[aﬁ +2V8xat+v 5 H| x §+2 H| x-¢& 5 )

This fourth order partial differential equation in (5) has to be reduced to second order ordinary differential
equation and the assumed solution is as follows:

Y 0= D Y (0T (@) ©)
i=1

When eq. (6) is used on eq. (5) then;
EIx0)Y YT =S, (DT +mx) Y YT +kY y,()T,(1) =
=1 i=1 =1 i=1

(MgMﬁ(x)'T;awvax)Ti(r)—mﬁx“ (x)I(t)IH(x—f{)—H(x—ff)}
= @)

Multiply equation (7) by yj (x) and integrate along the length of the beam and applying the orthogonality
condition gives

ENY [ 3 @@y, v sy [ i@y, v mo [ 5 00Ty, @der kY y Ty, (=

ng;f ¥, (V- Mif(z) j;? 30y, (0~ ini(t)ﬁ? 300y, (0dx—MV iﬂt)ji? ¥ (9, (9dx

®
As per the free vibration, EI' =may then equation (8) becomes
maT(O)+sT (@) +mOT (@) +KT (1) =
Mgﬁg % <X>¢C—M§T;<t> Lff e <x>¢c—m§t<r>jff§y;<x>yjcbc—w imjjfg Y9y d (9)

But y;(x) with respect to elastic foundation gives;

1
4

[2 s(LY & imx
Y(x) =, =sin||l+—] —| + ——| — 10
) L { El(iﬂ') EIi“;r“} L (t0)

Determine the derivative of eq. (10) and substitute in (9) to have
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1
1+5(L)2+W4 LS (L),
Let P = ElI \ix Eli *x* Q = El \ jrx Elj ‘rm*

trigonometry identity on equation (11) so that

el
PRI SIS V0 1 (U A
T.()+ (@ +m+m)T,(t) ([Q”J[COS(@L)} .
2
el
L V4 L V4 2

_2M o PZ s - (T
- ; t)[[ +j)]sm( L(z+])x) Q/Z'(i—j)SIH(QL(l ])xﬂ .

S

el
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2

MV ( pir ) & L P L P o
) pirY e T ) (o7

2mL [ L j ‘(')[pfr(iw) Sm( L(’”)xj ) ““[QL(’ ")xl;

2

Further simplification and substitution of P and Q in eq. (12) gives

} A
and applying

2 4 2 ){t
T+ a}+§+ﬁ (t)= V8L Mgsi 1+S L + k§4 ﬂfsi +£ L + kf4 i
m m ) Ji Ell jxr) Eliz*| L El jx) Eliz*| 2L
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+—|— | +
El jx) EIix
> VA ) Ji
1 S(L kL | 7. .o S(L kL T . .
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M w L G=)) Eljz) Eliz'| L EN jr) Elfz*| 2L

AL

2 = ) v 2 ;
S(LY), k 1 S(LY S(LY it V'=x
)t - l+—| = T
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Y4 )4
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(13)

4 Numerical Analysis and Discussion of Results

Two cases were considered as far as this paper is concerned which are a case of moving force and a case of
moving mass.

4.1 The moving force

In this case, only the first term on the right hand side of the equation (13) is retained as the inertia effect of
the moving load is neglected, hence equation (14) is obtained

. . Y
T(t)+ d+3x T(t) = VL Mgsi 1+i.£ +% I e lsi 1+£.£ +% i
m m 2 4 El\ jr) Elx L El\ jx Eljz" | 2L
S(L kL )
|| +—=Z=| /7
El\ jx Eljx

4.2 The moving mass

14

Here, both the inertia effect of the moving load and the force effect were considered in (13) resulted into

equation (15) as follows;
1 U s[Lj2 i r;r. ]U S[L]2 KL r;r. J
——cos| |1+ —| — | +——— == HE |sin| |1+ —| — | - )e
(i) El\ jr) E‘zt| L El jz)  El‘z*| 2L
7.(t)
4 % i=1 2 Y 2 Y '
m 1+1[L]2+7]¢ oL cos 1+i(i)+7kﬁ /f(m NE |sin 1+i(i)+7kﬁ /i(w e
EI\ jz) Elj‘zr (i+)) wliz) TEmite | 1 e liz) Tmitz | 2L
1 1
I SLZWA;:... SszL4Aﬂ_.
——sin| |1+ —| —| + (= HE |sin] [ 14+ —| = +—— —-))e
G- ) El\ jx El‘z* | L El\ jx Eli‘z*| 2L

= ) )
- 1 sy owt Ve L) sy wt Voo
———sin| |1+ —| —| +——— =(i+ j)E [sin| [1+—=—| - +— ——(i+ j)e
i+ ) ElI \im Eli'm L ElI \ix Eli'm 2L

T,(t)
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Y s(LY ® ['z s(LY & [z
S(L kL p 41+ = Zi— D lsinl |1+ = 2o
ZMVZ[“EI[.*”] + EIWT’Z” ) Coﬂ +E][ jﬂ] “Eir L0 Defst +EI( jﬂ] “Eir A
s k J / 1
’ (m* 7] X o
[ 1+£(£JZ+ K26 el 1+£(£)Z+ K2 G e
) El\ir) " Eliz'| L El\ir) " Elix'| 2L

1

- T .
8L yMg sin 1+i L +7k{: : jzf sin 1+i L +7k1: : IZ .
2 RV El jr)  El‘x L El jz) Eli‘x L

S({L kL
ml+——| +——F—F
[ El[sz E1j47z“]
5)

Eq. (14) and (15) were solved numerically by the help of maple software using the following numerical
values:

nmw 11 -6
€=0.1, m =70, V=33, g = 9.8, m =3.142, A= 7,8 =0.1, E=207x10"", I = 12.27x10°, m = 70,

4
k = 50000, 150000 and 450000. @ =

&
,L=10,0=10,0=0.1, E=vt +—
m

Figs. 4.1 to 4.4 are the graphs of displacement against time for moving force and moving mass for the tensile
and the compressive forces with various values of mass M. It was observed that the displacement increases
as M increases for both the tensile and the compressive forces for the moving force and the moving mass.

Figs. 4.5 to 4.8 are the graphs of displacement against time for moving force and moving mass for both the
tensile and the compressive forces with various values of axial force, S. Figs. 4.5 and 4.6 shown that
displacement decreases as S increases for both the tensile and the compressive forces but for the case of the
moving mass, it was revealed that as S increases, the displacement decreases for the tensile force as reflected
in Fig. 4.7 while for the compressive force, the displacement increases as S increases in Fig. 4.8.
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€
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T
0 0.3 1 13 2 23
Time | sec)
Figure 4 1: Displacem ent against ime for moving forcefor a
constant value of K with tensile force for vanious values of M
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Figure 4 2: Displacem ent against fime for moving force for a constant
wvalue of K with compressive force for various values of M for box shape
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Figure 4 3: Displacem ent against fim e for moving mass for a constant
walue of K with tensile force for various values of B
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Figure 4 4: Displacem ent against ime for moving mass for a constant
wvalue of K with compressive force for various values of M
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Figure 4 8: Displacem ent against fime for moving mass for a constant
value of K with compressive force for various values of S

Figs. 4.9 to 4.12 are graphs of displacement against time for moving force and moving mass for fixed values
of M and S with tensile force and compressive force for various values of elastic foundation (K). It was
discovered that the displacement decreases as the elastic foundation (k) increases for both the moving force
and the moving mass with respect to tensile force and compressive force.
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Figure 4 11: Displacem ent against ime for moving mass for a constant
walues of M and § with tensile force for various values of K
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Figure 4 12: Disp]jacm ent against ime for moving mass for a constant
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Fig. 4.13 is displacement against time for both tensile and compressive forces with respect to mass. Here, it
was shown that the deflection due to compressive force is greater than that due to tensile force. Fig. 4.14 is
displacement against time for moving force and moving mass with respect to mass. This figure shown that
the deflection due to moving mass is greater than that due to moving force.
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Fig. 4.13. Displacement against time for both tensile and compressive forces with respect to mass
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Fig. 4.14. Displacement against time for moving force and moving mass with respect to mass
S Conclusion

Dynamics response of Beam on elastic foundation with axial force to partially distributed moving loads was
investigated. The governing equation which was a fourth order partial differential equation was first reduced
to second order differential equation by assume a solution in form of series solution and numerical method
using maple software to examine the behaviour of the system of discussion. Mass of the beam on the moving
force and the effect of axial force were examined with respect to the force (both tensile and compressive
forces). It was noted that increase in mass of the beam resulted to increase in transverse displacement called
deflection for both the moving force and the moving mass with respect to the tensile and the compressive
forces. It was also observed that as the axial force increases, the displacement decreases under the action of
the moving force while in the case of moving mass, as the axial force increases the displacement decreases
for the tensile force but for compressive force, the displacement increases as the axial force increases. Again,
for the case of displacement against time for moving force and moving mass for constant values of M and S
with tensile force and compressive force for various values of K, it was discovered that the displacement
decreases as the elastic foundation (k) increases for both the moving force and the moving mass. Finally, it
was shown that the deflection due to compressive force is greater than that due to tensile force and in making
comparison between the displacement response of simply supported beam due to moving force and moving
mass, the deflection due to moving mass is greater than that due to moving force.
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