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Abstract

A Mathematical model of S, E |, 1,,1,R, D)is presented to study the dynamical spread of Ehola
the population. Existence of the Local Stability of the dis€fase equilibrium (DFE) was investigated

via the threshold parameter (Reproduction nurrlﬂ;s] obtained using the next generation mafrix
technique. The result shows that the DFE is asymptatistable at Reproduction number less than upity

(R) <1). Reasonable sets of values for the parameter in the mefel compiled from existing
literatures and Sensitivity analysis indic% around the baseline parameter value were computed, which
shows that the most sensitive parameteF%ois the recruitment rater followed by the rate at which

exposed individuals are isolated due to contact tragzingurthermore, the numerical computationlﬂ{

gave a value of 0.16, and numerical simulation was obtairt@dhwillustrates the effect of contro
parameters on the various compartments of the model.
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1 Introduction

Ebola Haemorrhagic fever now known as Ebola virus disé@g®) named after the river in Democratic
Republic of Congo (formerly Zaire), is a severe oftaalfdiness in human [1,2]. The first two simultaneous
outbreak of Ebola appeared in 1976 in Nzara Sudan, and in YanDekgcratic Republic of Congo [1,3].
The latter was in a village which was located nearBbola River, from which the disease takes its name. It
is a virulent filo virus that is known to affect humans anidhates. It is 1 of 3 members of the filovirdae
family (filo virus), along with genus Marburg virus and genCueva virus. Ebola virus comprises of 5
distinct species namely: Bundibugyo Ebola Virus (BDBXAjre Ebola virus (EBOV), Reston Ebola Virus
(RESTV), Sudan Ebola Virus (SUDV) and Taiforest Ebola V{fT&FV). BDBV, EBOV, and SUDV have
been associated with large EVD outbreak in Africa, weiRBSTV and TAFV have not. The RESTV
species found in Philippines and China Republic can infecahanbut no iliness or death in humans from
the species has been reported till date except BDBV. EB@VSVDV have the same number of mortality
rate [4,5].

Ebola can be introduced into human population through closaatonith the secretions, blood, organs or
other bodily fluids of infected animals. Infection has rb@mcumented through the handling of infected
chimpanzees, gorillas, fruit bats, monkeys, forest antelop@amdpines found ill or dead in the rainforest
in Africa. It then spread in the community through human todmtmansmission, with infection resulting
from direct contact with the blood, secretions, organs ardibdily fluids of infected people, and indirect
contact with environments contaminated with such fluids [T;A¢ incubation period of this deadly disease
is 2 — 21days and infectious period is 4 -10 days [6]. Ebptaptoms includes “sudden onset of high fever
greater than 38.6 degree Celsius or 101.5 degree Fahrealigitef muscle pain, stomach pain, diarrhea
sore throat, abdominal pain, unexplained hemorrhage and headéici@’managed well, this then rapidly
progresses to vomiting of blood, rash, symptoms of impairedési and Liver function, and in some cases
it leads to both internal and external bleeding [4,7]. Mof&cted individuals die within 10days of their
initial infection [8]. Burial ceremonies in which mournew@vie direct contact with the body of the deceased
person can also play a role in the transmission of EB¢tad].

The recent 2014 outbreak in West Africa reported thattaBo% of infections were caused by a contact
with the dead bodies that recently died of Ebola des¢240,11]. The number of dead bodies who recently
died because of Ebola disease is related to the réte a@ifection because of its burial process [2,10].

The threat posed by Ebola virus in human population iadi@nd prompted this research work to develop
an epidemiological model that incorporated the dead indiddirgflected undetected, infected detected and
isolated individuals and to look into the Sensitivity gaid of the model.

2 Model Formulation

A dynamical system consisting ordinary differential equats used to construct the Ebola disease model in
this article. We assume that the human population is divideml seven (7) compartments namely:
susceptible (S) exposed (E), Infected undetectgdiffected detectedd)l, Infected isolated {J, Recovered
(R), and death individuals (D). The govern model is givethbysystem of differential equations below:
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3 Analysis of the M odel

3.1 Disease free equilibrium (DFE)
At equilibrium, (1) is set to be equal to zero.

ThatiS:d—SZiEZ%:%:%:iR:_dDzo (2)
dt dt dt dt dt dt dt

The disease free equilibrium is obtained as:
T
(SlEl L!Id1IS1R|D):(_10101010101§ (3)
7]

Table 1. Description of parameter of the model

Parameters Description
T Recruitment rate
ﬁz Contact rate with undetected infected
ﬁz Contact rate with detectinfectec
,33 Contact rate with dead bod
M Natural death rate
g The rate at which exposed individuals are isolated duerttact tracing
K Progression rate of individuals in exposed stage to achetaE
w Endogenous reactivation rate
¥ Detection rate for infected undetecIndividuals
A The rate at which Infected detected individuals are istlate
bl Disease — induced death rate for undetected individuals
u
5d Disease — induced death rate for detected individuals
bo) Disease- induced death rate fisolated infected individug
S
a Recovery rate of isolated individu
Ja} Burial rate

3.2 Basic reproduction number

Basic reproduction number plays a very important role ircrid@#eg the qualitative analysis of the
mathematical model of infectious disease. The basic repiodunumber (RO) measures the average
number of secondary infected individual generated inohisier infectious period in the population of
Susceptible [4]. It is known that R) <1, then the disease dies out and spread whenever it exseityli.

e (R) <1). Using the Next generation matrix techniques, the non-ivegaiatrix F of the new infection
terms (Transmission) and the non — singular matrix V ofother remaining transfer terms (Transition) are
given by FV
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Where:
o0 BT BT o BT R 0 0 0 O
HoH H -, B 0O 0 O
£=|0 0 0 00 V=|-ax -y, B 0 0 (4)
0O 0 0 0 O o 0 -y B 0O
0O 0 0 0 O 0 -5 -5, -5 6
0O 0 0 0 O

Where: B =(0+Kk+ 1), B =(1-wk,B=(,+9,+ 1), B=(V,+ Oy + 1), R= O, +a+u)
The basic reproduction number, = 0( FV_l), is the spectral radius of the prod#eY ™. Hence, for

the model (1), we arrive at:
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Fig. 1. The schematic illustration of the model
3.3 Local stability of the model

Using the basic reproduction number obtained for the modelvElgnalyze the stability of the equilibrium
point in the following result.

Theorem: The disease — free state, is locally asymptoticallsts R) <1 and unstable iR, >1.

Proof: The Jacobian matrix of the system (1) evaluatéke disease — free equilibrium point, obtained as
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oo BT BT oo o BT
H H H
o -p BT BT o o A7
H H H )
J=| 0 -B, -R 0 0 O 0
0 wx )y -P, 0 O 0
0 o 0 v, -B O 0
0 0 0 0 a -u 0
0 O o} Oy o, 0 -6

Where:
R=(o+k+p),R=1-wk,B=(+0,+u), K= (/,* Oy +U),R= O, ta+u)

We need to show that all the eigenvaluesJoire negative. The eigenvalues of the madtare the roots
of the characteristic equation

AT+ AP+ A+ A AP A2 A4, =0 6)
Where

l; (for i =1,2...€) are representative of some expressions

7 =BRRRO+ WO RRB + 0 BRG y i+ kw BIF g, + 1w B Ay 3 0 B O+
R,RRBO, + TR RB Oy + TRE Oy v -~ 1O PREF

Employing the Descartes’ rule of signs [11], which states ali roots of polynomial (6) have negative real
part and distinct, if and only if the coefficiehtare negative foi =1, 2,3,4,5,6,".

Hence, it idocally Asymptotically stablé I, < 0:

Such that:

[%%HPﬁJfﬂ(aﬂ%PﬁﬁﬂgF’zPﬁyffmw RB 9 +mw By 0 RE A+

<0 (1)
nR,PRBA, +TRRBI, Y+ TRB Iy Y ~ 18 PRRR ]

Further simplification in terms of reproduction numbetdse

(PRI KOPRE,+ O RRBy # ke I, +kw Bay 0 PBA+ RRBA+ PRIy BIyY),,
HRRF.RO

(8)

Equation (8) impliesR, <1
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Therefore, all the eigenvalues of the Jacobian malrixave negative real parts Whﬂg <1, hence the
disease-free equilibrium point is locally Asymptoticadtable.

Table 2. Baseline parameter sand values used in simulation

Parameters Values Reference
B 0.00011¢ Assumed
B, 0.00011¢ Assumed
B 0.00011¢ Assumed
H 0.02 [4]
d 0.2 [4]
K 0.6 [4]
w 0.03 [4]
h 0.12 [4]
12 0.12 [4]
J, 0.937 [6]
J, 0.937 [6]
) 0.937 [6]
a 0.22¢ Assumed
6 0.8 (4]
4 Sensitivity Analysis

It is necessary to conduct an investigation to deterntioe sensitive the threshold quantity basic
reproduction number is with respect to its parametbiswill facilitate us to know which of the parameters

causes most reduction and most high impact on the reproduclrimbean). This analysis tells us how

crucial and important each of the parameter is todibease transmission, and this will helps the public
health authorities in focusing on a well posed interventicategy for preventing and controlling the spread
of the disease in the population. The normalized forwartsitivity index of the reproduction number with
respect to its parameter is computed.

Definition: If a variable ‘c’ depends differentiably on a parametet, then the normalized forward
sensitivity index of ‘c’ with respect to ‘w’ is denoted t)ﬁc , Which is defined as:

_cow

w 0cC

C

As we have explicit formula foRJ , an analytical expression for the sensitive%f is derived as

X R :a_Roxﬂ

9
Y oaw R ®)
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The maple code was used to generate the Sensitivity indbxhanresults obtained are given in Table 3
below:

Table 3. Sensitivity index of the basic reproduction number R,

Parameter Sign Value

1 T + 1
2 ,Bl + 0.24
3 Bz + 0.034
4 B, + 0.415
5 H - -0.54
6 (o - -0.61
7 K + 0.679
8 w - -0.068
9 v - -0.246
10 Vs - -0.00¢
11 ) - -0.12

u
12 o, - -0.02¢
13 ) + 0.019

S
14 a - -0.176
15 Ja} - -0.117

The positive sign of the sensitivity index of the basic repribolmaiumber to the model parameters indicates
that an increase (or decrease) in the value of each esain this category will leads to increase (or
decrease) in the basic reproduction number of the diseles@jde the negative sign of the sensitivity index
of the basic reproduction number to the model parametersaiedi that an increase (or decrease) in the
value of each parameter in this category will leads toedese (or increase) in the basic reproduction number
of the disease in the population. Thus, the index table aleseals that the most Sensitive parameter of our

Reproduction number is the recruitment réf€) andthe rate at which exposed individuals are isolated due
to contact tracin§o) .

5 Numerical Results and Discussion

In this phase, we study numerically the expression/behaviotiieosystem (1) employing some of the
parameter values compatible with Ebola [4], [10] as giuenTable 2 and by considering the initial

conditions, S(0) =1000, E(0) =500, |,(0)=300, 1,(0)= 250, 1 (0)=150, R(0)=100,
D(0) = 20.

The numerical simulations are evaluated using the Rungi -akarder 4 embedded in mathematical
software (Maple 18).
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Fig. 2. The graph of exposed population against time where:
77=500,5 = 0.0001183, = 0.000118,= 0.000148 002, .MBx = 0.6w= 0.0:

y,=0.12,y,= 0.129,= 0.938,= 0.933,= 0.937= 0.285 0.8
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Fig. 3. The graph of Infected Undetected population against time where:
1=500,4 = 0.00011g3,= 0.000118,= 0.000148; 0OM2, A2, &6, 0.03

$,=0.12..0.72y,= 0.12},= 0933,= 0.93= 098% 02508
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Fig. 4. The graph of infected detected population against time where:
7=500,5 = 0.0001183,= 0.000118,= 0.000148; 042, MO2, OB, 0.03,

¥,=0.12,y,= 0.12...0.72}, = 0.933,= 0.93(= 0.98% 0.25 0.8
6 Conclusion

This paper presented and analyzed an epidemic noéd8, E, |, I,, |, R, D) for Ebola virus disease to

gain more insight into the dynamical spread ofdsease in the population. The results of the amlgre
highlighted as follows:

(i) The research shows the existence of the disease fre
(i) The disease free equilibrium of the model is lgcalbymptotically stable when the reproduction

number is less than unity i.¢R; <1).

(iii) Sensitivity analysis reveals that the most seresipigrameter to the basic reproduction numhés R
the recruitment ratez, followed by the rate at which exposed individuate isolated due to
contact tracingo.

Numerical simulation shows the effects of the calnparameters on some of the various compartmettiteof
model. Fig. 2 shows the effect of in the exposed population. It shows that whenigbkation of Exposed
individual is sufficiently large, it reduces thepased individuals and increases the isolated iddals

tremendously, while Fig. 3 shows the effectjgbn the infected undetected population. It shows whaen

the detection rate of undetected individuals duedntact tracing is very low, the infected undegdct
individuals increases tremendously which will catlse total amount of infected individuals to ingean

that populationFig. 4 shows the effect gf, on the infected detected population. It shows thathigher

the rate at which infected detected individuals entiv isolated individuals due to isolation techeigiuthe
lower would be the infected detected individual¢hi@ population.

7 Further Research

The basic reproduction number computed (0.16)vis &iill the virus is fast spreading in the couesrin the
world. This calls for a further in-depth study dretBifurcation analysis which will place a senstngt

reducing the reproduction numbg&, is not enough to show that the virus will be cored.
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