British Journal of Mathematics & Computer Science
16(4): 1-18, 2016, Article no.BJMCS.25518
ISSN: 2231-0851

British Journal of
Mathematics

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

The Cauchy Problem for the Camassa-Holm Equation
with Quartic Nonlinearity in Besov Spaces

Shan Zheng!'’

1Department of Basic Courses, Guangzhou Maritime Institute, Guangzhou, Guangdong 510725,
China.

Author’s contribution
The sole author designed, analyzed and interpreted and prepared the manuscript.

Article Information

DOLI: 10.9734/BJMCS/2016/25518

Editor(s):

(1) Wei-Shih Du, Department of Mathematics, National Kaohsiung Normal University, Taiwan.
Reviewers:

(1) Hammad Khalil, University of Malakand, KPK, Pakistan.

(2) Anonymous, USC Salkehatchie, USA.

(3) Anonymous, Namk Kemal University, Tekirda, Turkey.

(4)Abdullah Sonmezoglu, Bozok University, Turkey.

Complete Peer review History: http://sciencedomain.org/review-history /14515

Received: 7" March 2016
Accepted: 19" April 2016

’ Original Research Article Published: 7" May 2016

Abstract

In this paper, we study the Camassa-Holm equation with quartic nonlinearity. We prove that
the Cauchy problem for this equation is locally well-posed in the critical Besov space Bg’{f or in
B, with 1 <p,r < 400, s > max{l+1/p,3/2}. We also prove that if a weaker B} ,-topology is
used, then the solution map becomes Holder continuous. Furthermore, if the space variable x is
taken to be periodic, we show that the solution map defined by the associated periodic boundary
3

problem is not uniformly continuous in B3, with 1 <r < 400,58 >3/20rr=1,5 = 3.
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1 Introduction

The well-known Camassa-Holm equation (CH for short)

Ut — Ugzt + 3UUg = 2UzUgy + UlUzzq, (11)

was first derived by Fokas and Fuchssteiner in [1] for studying completely integrable generalization
of the KAV equation with bi-Hamiltonian structure, and later proposed by Camassa and Holm in [2]
as a model for unidirectional propagation of shallow water waves over a flat bottom, and it is proved
that the CH equation is completely integrable and possesses an infinite number of conservation laws.
It is quite different from the KdV equation that the CH equation has peakon solution and breaking
waves, see [2]-[4]. As noted in [5], it is intriguing to find both phenomena of soliton interaction and
wave breaking can exhibit in one mathematical model of shallow water waves. The CH equation
is well investigated in view of mathematical point and a lot of achievements had been made. For
instance, the Cauchy problem for CH and periodic CH equation were studied in [6]-[8], the global
weak solutions and global conservative and dissipative solutions were obtained in [9]-[13], the peakon
and smooth solitary wave solutions were proved to be orbital stable and interacts like solitons [14]-
[17], on the wave-breaking we refer to [18]-[22].

There are considerable researches having studied the following generalized CH equation [23]—[28],
Ut — Ugzt + aunuz - 2uzuzz + UlUgza, (12)

they have focused on the stronger nonlinear convection, that is, the nonlinear convection term uu
in (1.1) has been changed to u™us in (1.2), which makes the structure of their solutions change a lot.
There are many new nonlinear phenomena arise for equation (1.2), such as compacton solitons with
compact support, solitons with cusps, or peakons, cf. [29]—[37]. Four simple ansdzs were proposed
to obtain abundant solutions: compactons, solitary patterns solutions having infinite slopes or
cusps, and solitary waves in [29]. By using bifurcation method, peakons and periodic cusp waves
were studied in [33]-[35], the explicit expressions of peakons for (1.2) are given in some special cases.
In [36] some new exact peaked solitary waves were derived. By employing polynomial ansdz the
periodic wave and peaked solitary waves of equation (1.2) were investigated in [37]. The Cauchy
problem of equation (1.2) was studied in [38, 39] and the solitary waves for the equation (1.2) was
proved to be orbital stable for any speed in [23, 40] as n = 2, 3.

Motivated by the previous work on the generalized CH equation, in this paper we aim to study
the Cauchy problem of equation (1.2) with the initial value date in Besov space and the continuity
properties of the solution map in the case n = 3,

Ut — Ugzrt + ausux = 2UgUga + Ulzzx, (13)
u(0,z) = uo(z) € By,, = €R, teR". (1.4)
The main difficulties we are encountered with are to prove that the approximate solutions to the
Cauchy problem (1.3) (1.4) is uniformly bounded in B;(f and that the approximate solutions

is a Cauchy sequence in B;’/f due to the fact that (1.3) involving quartic nonlinearity is much
more complicated than cubic or square nonlinearities. For the method, it is more convenient to
reformulate (1.3) (1.4) as the nonlocal form:

2y —1 a 4 1 5 1 2\ _
Oru + udgu + 9z (1 — 9;) (—4u + 5U — 2(un_,) ) =0, (L5)
u(0,2) = uo(z) € By, = €R, tcR".

Denoting A = (1 — 82)™" and

F(u) = 9, A(——u" + Zu® — =(uz)?), (1.6)
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then (1.5) can be rewrite as follows:

u(0,z) = uo(z) € B, (1.7)

D,

{&u—l—uazu—i—F(u):O, r€R, teRT,

It is easy to verify that F': By . — B, , is continuous when s > 1 +% with 1 < p,r < co. Therefore,

it is reasonable to expect the existence of local solutions in B, , with s > 1 + 11 < pr < oo
However, we will need the products estimate of the type || fgll -1 < ||fll gs=1]lgll gs—2, hence the
p,r p,r p,r

condition s > 3/2 is required.

Before starting the main results, we explain the notations and conventions used throughout this
paper.

Notations. In this paper we adopt the following notations:

The notation < denotes the estimates that hold up to some universal constant which may change
from line to line but whose meaning is clear from the context. .#(R) is the space of rapidly
decreasing functions on R and .%/(R) is its dual space. If the function spaces are over R, we will
drop R in our notations of function spaces if there is no ambiguity. When the function spaces are
over T = R/27Z, we will not omit T in our notations.

ForT >0,s€Rand 1 <p< oo, we define

B (T) = C([0,T); By..) N C* ([0, T); By, if r < oo,
P L0, T By o) N Lip([0,T]; ByZY), if 7 = oo

Our main results are as follows:
Theorem 1.1. Ifug € Bg{f, then we have

(1) There is a Ty, > 0 such that the problem (1.5) has a unique solution w in E;/f(Tuo) which
depends continuously on the initial data uo. Moreover, the solution u satisfies

7

||u(t)|\33/12 < 2||U0HB§/12 +1, for 0<t<Ty, < (1.8)

37
480 (HUOHBs/Q + 1)
2,1
where C > 0 is a constant.

(2) The solution map uo — u(t, ) defined by (1.5) is Holder continuous as a map from B(0, R) C
B;/f, with the B;/fo topology, to C([O,T],Bgyl), % <qg< % More precisely, if uo,vo € B(0,R) C
Bg/f and u,v are the solutions corresponding to the initial data uo,vo, respectively, then for % <
q < %, we have

lu(t) = v(®) 15, < lluo —vol%r2, 0<t<T, (L9)
, 2,00

where T = and o = (% — q) exp {—CRr} with the constant Cr > 0.

7
48C(R+1)37

Theorem 1.2. Let 1 < p,r < oo, s > max{l + %7 %} and uo € B, ., then we have

(1) There is a Tu, > 0 such that the problem (1.5) has a unique solution u in E, .(Tu,). The
solution map uo — u defined by the problem (1.5) is continuous from B, ,. into E;:T(Tuo) for every
s’ <s(s"<s if r<oo). Moreover, the solution u satisfies

7
48C([|uoll sy, +1)3”

lu(®lls;, <2[uollpy, +1, for 0<t<Ty <

p,v

(1.10)
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where C' > 0 is a constant depending on p,r,s.

(2) If uo,vo € B(0,R) C By, .. Let u,v be two solutions corresponding to the initial data uo, vo,
respectively. Then we have

Ju(t) = vl s, < lluo = voll s, . 0<t<T, (L.11)
where T = m, q1,q2 and the exponent a satisfy
1, if s#2+ 5, max{3, ;}<qai=@<s-1, qa=q#1+,
a =1 s—qo, if37é2+%,371:q1<q2<s, (1.12)

ql—%, ifs:2—|—%, max{%7 %}<q1<q2:1+%,

In other words, the solution map uo — u(t,-) defined by (1.5) is Hélder continuous as a map from
B(0, R) C B; ., with the B3, topology, to C([0,T], Bg2.).

Remark 1.1. When the space variable x is taken to be periodic with period 27, we consider the
periodic boundary value problem instead of the Cauchy problem (1.5), that is

0, Og r :07 t>07 07
{“H“ ut Flu) s (1.13)

w(0,2) = uwo(z) € By, xz€T=R/2rZ.

When z € T = R/27Z, since Theorems 1.1 and 1.2 also hold for z € T, we know that the solution
map is continuous in B, , and in B;/f (even Holder continuous if some suitable weak topology
is chosen). However, when z € T, from the following theorem, we see that it is not uniformly
continuous in B3 . with 1 <r < oo and s >3/2or r =1 and s = 3/2.

Theorem 1.3. When z € T = R/2nZ, for the solution map uo — u(t,-) defined by (1.13), we have
the following results:

(1) When 1 <r < oo and s > 3/2, the map uo — u(t,-) is not uniformly continuous from any
bounded subset in B5 . into C([0,T]; B3 .(T)) if r < oo or into L*°(0,T; B3 o(T)) if r = oo for
some T > 0. More precisely, there exist two sequences of solutions u;(t) and v;(t) such that

i)l B3, vy + [l0i (B35, 1) S 1, (1.14)
_lim Huz(O) — U’L(O)HBS 7‘(T) = 0, (1.15)
i—00 »
liminf [|u;(t) —vi(t)l|Bs (r) 2 [sint|, 0<t<T. (1.16)
1—00 T

(2) When s = 3/2, the map uo — u(t, ) is not uniformly continuous from any bounded subset in
Bg/f into C([0,T); BS{f(T)) for some T > 0. More precisely, there exist two sequences of solutions
u; (t) and v;(t) such that

il /2y + 10| gr2 ) S 1 (1.17)

7,1_1}& Huz(O) — vi(O)HB;/f(T) = O7 (1.18)

lim inf [[u; (t) — vi (¢)]| yo/2 ) 2 lsint], 0<t<T. (1.19)
71— 00 2,1 (T)
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2 Preliminaries

In this section, we shall recall some basic facts on the Littlewood—Paley theory, Besov spaces and
the transport equations theory that will be used in this paper. We refer to [41]-[45] for the details
of them.

Let x, ¢ be two functions satisfying x, ¢ € C°(R),0 < x,¢ < 1, x(§) =1 for [£] < 2, suppx = {¢ €
R, €] < 3} and ¢(€) = x(27'€) — x(£). Then

X+ 62778 =1, VEER,

JEN
supp ¢(277-) (supp 6277 ) =z if |j—j| >2,
supp x(-)[supp ¢(277:) =& if j>1.
For u € .#'(R), we define the nonhomogeneous dyadic block operators as
A_ju = x(D)u :fglezu,
Aju=¢(27D)yu=F,; ' ¢(2776) Fou, if j>0,
where F,u is the Fourier transform in x. Then we have

u= Z Aju  converges in .#'(R) or in H*(R).

j=—1

We define the low frequency cut-off S; as Sju = Zz;il Aju. Direct computation implies that for
any 1 <p < oo,
AiAju=0, if |i—j>2 VYu,ve S [R),
Aj(Sic1uAw) =0, if |[i—j|>5 Vu,ve. s (R),
|Awl|zr < Cllullzr, ¥ u e LP(R),
(ISjullr < Cllullze, ¥ ue€ LP(R).

Definition 2.1 (Besov spaces). Let s € R, 1 < p,r < 400. The nonhomogeneous Besov space
B, (R) is defined by

B (R) = {f € 7' (®): | flls;, 0 < o0},

where [1£l1s; s = 127°2 fllrcury = || 27185 fller) o,

i
Remark 2.1. When p =2 and 1 < r < 400, the above definition is equivalent to the following:

1

r

T T

H(l—&-f)ifﬂt , T <00,

+ H1+.£2 3 Fou

’ T = 00,
LQ(C]')}

where C; = {¢ € R: 27 < |¢| < 27T}, In particular, if p = 7 = 2, then B3, = H°®.

llullBs &) =

sup{H(l + .‘;“2)%.7-}u

JjEN

2\ 2
L2(-1,1) H<1+€ )2 Feu

The following Lemma summarizes some useful properties of Bj ,..
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Lemma 2.1 ([41]-[45]). Let s€e R, 1 <p, r, pj, r; < 00, j = 1,2, then

(1) B; (R) is a Banach space and is continuously embedded in .#’(R).

(2) Bily < Bidy if pr Spos 71 <o and 52 = 51— (57 — 5.
Bpl., — B2, is locally compact if so < s1; 71 < 72.

(3) Vs > 0, B, N L™ is a Banach algebra. B, , is a Banach algebra & B, , — L™ & s > %
(or s> 1 and r =1).
(4) V0 € [0,1], s = 0s1 + (1 — 0)s2,

1f1l55, < Cl e N lIges ¥ f € Byl N B2
(5) Vo € (0, 1), §1 > S2, s =0s1 + (1 — 9)52,

Il 52 ¢

6 1-60 S1
b S sy e lullze Y u € Brle

(6) If {un}nen is bounded in Bj . and un converges to u in .%’'(R), then u € B; . and

Julls , < limint |5,

Remark 2.2. Recall that we denote P(D) = (1 — 82)~" and we shall use the estimates

1P I3, S 112 10:P(D) 3, S 1]
In terms of the operator, we say that P(D) = (1 — 92)™" is an isometry from Bj, into Bi1? and
0, P(D) is an isometry from Bj . into Byt'.
Now we recall some results in Besov spaces B, ,. of the transport equation. We refer to [42, 43, 46, 47]
for the details.

Lemma 2.2 (a priori estimates). Let 1 < p,r < oo and s > —min{%,l — %} Assume that

fo € By, F € L'(0,T;B;,) and 0yv € L'(0,T;B;,") if s > 1+ L or 9,0 € L'(0,T; By/F N
L*) otherwise. If f € L*(0,T; By )N C([0,T];.'(R)) solves the following 1-D linear transport
equation:

fitvfs=F, t>0, zcR,
f(va):fov (L‘GR,

—~
NN
[N

~ ~—

then there exists a constant C depending only on s,p,r such that the following statements hold:
(1) For allt € [0,T7,

t t
155, < Ifollss, + / IF() s, d7 +C / VI @)llss,dr, (2.3)
and hence,
t
”fHBf,,T SeC‘V(t) (HfOHBf,WWL/ eiCV(T)”F(T)”Bf;,rdT)’ (2.4)
(0]
where
t . 1
B 1

fot ||U¢(T)||B;—Tld7', ifs>1—|—%or (s:l—l—% andr:l).

(2) If f = v, then (1) holds true for all s > 0 with V (t) = fot [lve (7)|| oo dT.
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Lemma 2.3 (Existence and uniqueness). Let p,r,s, fo and F be as in the statement of Lemma
2.2. Assume thatv € L?(0,T; B;{Vio) for some p>1, M >0 and v, € L*(0,T; B;;l) ifs>1+ %

ors=1+ %, r=1 and v, € L*(0,T; B,},/;’; NL>®)ifs <1+ %. Then (2.1) (2.2) have a unique

solution f € L*>(0,T; B, ) N C([0,T]; ;:1) for any s’ < s and the inequalities of Lemma 2.2 hold
true. Moreover, if 7 < oo, then f € C([0,T]; B, ...).

We will use the following estimates frequently.

Lemma 2.4 (Moser-type estimates, see [41, 42, 43, 48]). Letting 1 < p,r < +o00, then we have the
following estimates:

() For s> 0, |Ifglls;, <€ (Ifllsz, gl + Ifle<lgllm;, ) ¥ frg€ By, 0 L.
>

p,r —
(i1) For all s1 < % < s2 (82 if r=1) ands1+s2 >0,

1
P
1£allsz, < Cll sz lollses, ¥ f € B, g€ B

Lemma 2.5 ([46]). For any f € B;}/Q, g€ 321’/12, there holds the product estimate

172 < - .
159052 S 11 sl /2

Lemma 2.6 ([43]). There is a constant C > 0 such that for s € R, e >0 and 1 < p < oo,

11 te

IfllBs, <C—=IIfllps  In|e+ =), VfeBk.
' I fllBs

p1 =

1+4+¢
13

Now we recall the Osgood lemma cf. [41, 49].

Lemma 2.7 (Osgood Lemma,[41, 49]). Let p > 0 be a measurable function, v > 0 be a locally
integrable function and p be a continuous and increasing function. Assume that, for some nonnegative
real number c, the function p satisfies

o <c [ Ololt)) dt.

dr
p(r)”

t 1
Ife> 0, then —M(p(t)) + M(c) < / V(1) At with M = /
to x

dr

w(r)

1
If ¢ = 0 and p verifies the condition / = +o00, then the function p = 0.
0

For given solutions u and v, we will need to estimate the difference F'(u) — F(v) in terms of u — v.
We now summarize the estimate as follows:

Lemma 2.8. Ifu,v € Bg{f, we have

_ < 3 3 _
17 () F(v)HB;@N(||u||33512+||v|\33512 +||U|\Bg(12+||v||33{12> = oll 2
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Proof. By the expression of F(u) and Lemma 2.5, we have

4 4 2 2 2 2
1P = POl S I’ =0l + 0 =07 o+ = o200

3 2 2 3
< (Ieliyn + Nl ol g+ g o+ Dol ) = ol

(nuu o2 + ol ) Ju = vl

3 3
S (ellye + Iolgye + g + HvHB;/lz> Ju = vl

Lemma 2.9 ([50, 51]). Let o, € R. If X €ZT and A > 1, then

2%7r(1 + A7 2\, < o0,

| sin(Az — a)l|gg (1) = || cos(Ax — &)||Bg (1) =
2 ar (14272 = X7, r=oc.

3 Local Well-posedness

In this section, we prove Theorems 1.1 and 1.2. We will give a detailed proof for The Theorem 1.1
and in the final remark, we give the modifications which is needed to prove Theorem 1.2. To begin
with, we construct the approximate solutions.

3.1 Approximate solution

Starting from u; = 0 and by induction, we define a sequence of smooth functions {u,},n € N by
solving the following transport equation iteratively:

Ottn+1 + UnOzUnt1 = —F(un), (3.1)

Un+1(0,z) = Shy1uo,

where F'(u) is given in (1.6). Since all the data belong to B5%, from Lemma 2.3 and by induction, we
obtain that for all n > 1, the above equation has a global solution u,+1 belonging to C(R™; B5%).

3.2 Uniform bounds of the approximate solutions

For n € N, let Up (¢ fo lunll 5 s/sz Since [lun+1(0, )|, 92 S < lluoll 8/2: from the estimate (2.4)

of Lemma 2.2, we have
(t b _cou
s Ol < (Juoll g+ € [ O nr)l 0 )
t

£CUn(®) (HUOHBS/IZ JrC/O efc’Un(T)HamA(fau‘*/zlJru?/Z—ui/Z)(T)HBg/lz dT)
t
C n —CUp (7T
0 (ol g +€ [ € (Junlge + lun (Dl ) )

t 4
<e CUn (t) |‘u0‘|B§/1Z+CA e—CUn(7) (||u”(T)||B§/12+1> dT). (3.3)
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3

Let T' > 0 such that 6C (||uo|\33/2 + 1) T < 1, we claim that for any n € N,
2,1

luoll g3/2 +1

5 \1/3
(1 —6C (Huo”Bs/z + 1> t)
2,1

Assume (3.4) is true for n. We now prove that it also holds true for n + 1. Since Uy(t) =
fg lun| z3/2d7, by (3.4), we have
2,1

t t 3
eCUnM=CUn(T) < oxp {C/ llunll g3/2 dt'} < exp {C/ (HunHBa/z + 1) dt'}
- 2,1 - 2,1

3
U, +1>
N (e y

3
! (1—60 (HuoHBs/z -|—1> t')
2,1

-1, Vtelo,T). (3.4)

<
e <

<expl C

3 1/6
1-6C (”UOHB3/2 + 1) T
2,1
= 3 (3.5)
1—-6C (H’(L0H33/2 +1) t
2,1
From the above equation, we see clearly that when 7 = 0, U,(0) = 0, we have
CUn (1) 1
e < . (3.6)

3\ 1/6
<1 - 6C (HUO”:};S/Q + 1) t)
2,1

Using (3.3), (3.4), (3.5) and (3.6) gives rise to

t 4
a1 (Dl /2 +1 < 7 <||u0|33/12 +1+ c/o e U <||un(r)||33/12 + 1) d7>

3
L d <1 —-6C (HUOHB;/IZ + 1) T)

3 \1/6 [T 6/0 3 \ 7/6
(1 —6C (HUOHBg/z + 1) t) <1 —6C (||U0HB3/2 + 1) 7'>
2,1 2,1

1
||u0\|Bg(12 +

3\ 1/3°
(1 — 60 (HUOHBB/Q + 1) t)
2,1

Hence (3.4) is true and {u,n} is uniformly bounded in C([O,T];B%Q) for all ¢ € [0,T]. Setting
Ty = for n € N, we can conclude that the solution w, exists for 0 <t < T, and

: 1
||uo\|B§{12 +

IN

IA

7
48C (luoll _3/2+1)3°
Bal

satisfies the bound
lun ()l 72 < 2ol oz +151, 0 << Ty, (3.7)
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Furthermore, using the equation (3.1) yields that for 0 < ¢ < Ty,
Orun < lun Ozln Fu, <1. 3.8
[9et gz < unl sz [Batimsall o + 1 )32 S (38)

Hence we conclude that {u,} C Eg”/f (T ) is uniformly bounded.

3.3 Convergence of the approximate solutions

1/2
2,00

We now show that {u,} convergences in C([0,Ty,]; By's)- For m,n € N, from (3.1) we have

Bt (un+m+1 - un+l) +un+maz (un+m+l - un+1)
= (Un = Untm) Ooting1 + [F(un) — F(tnim)] . (3.9)

Applying Lemma 2.2 to the above equation, we have that for wni+i,m = Untm+1 — Unt+1 and
0 <t < Ty, there holds

t
i@l < e (Ol gz +€ [ OO ()] 7).
2,00 2,00 0 200
Here Upym(t) = fot |‘u"+m|‘B§f©dT < fg |‘u"+m|‘B§(12dT < 1 due to (3.7),

1™ (M) gar2 = N(un = tnam) Qotintr + [F(un) = F(unsm)]ll g1/2 -
Using Lemma 2.5, Lemma 2.6, Lemma 2.8 and (3.7), we find that for some M > ||uol| 43/2, there
2,1

holds

M
n,m
IH (T)||B;(; S llun — un+m||B;(; S Hw"”””Bé{i In|e+ W
2,00
Since
||wn+1,m(0)\|35/2 S [ (untms1 — un+1)(0)\|35/12 < CT”HUOHBg/lm
, OO y 3y
we have

M

| dr
llwn,ml g1/2
2,00

t
lwnsrm(ll gz S27"+C [ [[wnmll g2 In|e
B B
2,00 0 2,00

Let Hpm(t) = ||wnt1,m(t)] ,1/2 . From the above estimate, we obtain that

B,

w7 1
HnJrl,m(t) 5 2 +/0 Hn,m(T) In (e + m) dT, te [O,Tuo].

As the function zIn(e + 1) is nondecreasing, we see that H,(t) £ sup,,cy Hn,m(t) satisfies

n ¢ 1
Hoq(t) S2 +/0 H,(7)In (eJr m) dr, te€[0,Ty,]

Let P~I(t) = limsup H,(t), taking upper limits both side to the above equation with respect to n we
n—oo
have

ﬁ(t)g/otfl(r)ln <e—|— ﬁ[i’]’)) dr.

10
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1
Since x In (e + ) is nondecreasing and / 17_’_) dz = 400, we can infer from Lemma 2.7
zln (e

that H(t) = 0, in other words, {u,} is a Cauchy sequence in C([0, Tu,]; B;/OQO) By (5) in Lemma
2.1, we see

1 1 1
i —inlly, 5 im0 i = tnll Sy < s =l

Hence {un}nen is actually a Cauchy sequence in C([0,T]; B3,1) and therefore {u,} converges to

some function u € C([0,7T]; B3 ).

3.4 Existence and regularity of the solution

Since |[un || 43/2 is uniformly bounded by 2||uo|| ;3/2 + 1, the property (6) in Lemma 2.1 guarantees
2,1 2,1

that HuHB;/IQ < 2””®”B§ff + 1, which means that u € Lw(O,TuO;Bg’f). If s < 1, we have
= ullpg, < o =l (3.10)
If 1 < s’ < 3/2, by interpolation again, we have
e =l < T =y e = wlf S o =l oyt (3.11)
where 6 = 3 — 2s’. From (3.10) and (3.11), we see that u,, — u in C([0,T]; B;’l) for all s’ < 3/2.

Taking limits to (3.1) (3.2), we can deduce that u indeed solves (1.5). Since r = 1 < oo, from
Lemma 2.3 and (3.3), we know that v € C([0, Ty, ]; B2 2) and us € C([0, Tu,); Bl/2)

3.5 Uniqueness of the solution and Holder continuity of the solution
map

The continuity of the solution map can be obtained by following the same steps in [46] and we omit
the details in this paper. Now we focus on the uniqueness of the solution and the Holder continuity
of the solution map. To show this, we need the following Lemma.

Lemma 3.1. Ifu,v € C([0,T); 2'(T)) N L*(0,T; 33/2) are two solutions to (1.5) for some T > 0

with initial data uo,vo € BS’/ respectively, then for any s' € (3,%) and t € [0,T], we have

6 exp{—CT 3
l[w = vll gy, < lluo = woll ‘i/i{ boo= 5 —5 €(01], (3.12)

where C' > 0 is a constant depending on ||ul] and ||v||

Lo (0,T;B5/?) Lo (0,7:B5/7)"

Proof. Since u, v are two solutions to (1.5) with initial data uo,vo € BS/E, respectively, we find that
w = u — v satisfies

wy + vy w = —wdpu — (F(u) — F(v)), w(0,z) =uo — vo. (3.13)

Let U(t fo lve (7 BL/2 Ao dr, by Lemma 2.2, we have

t
@)l s < llwoll sz €70 + / LCUD=CUO B\, dr,
2,00 2,00 0 2,00

11
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where F' = —(u — v)dyu — [F(u) — F(v)]. Since u,v € L=(0,T; B;/IQ , the estimate of u — v is
essential in the derivation of (3.9), we obtain that for all ¢t € [0,T],

t
M
t < 0 —|—C/ 1 + — dr. 3.14
flw( )||B;{; S [lw( )||B;(30 ; Hw(T)HB;(; nle Tty T (3.14)

Since In (e + ) <In(e + 1)(1 — In &) for = € (0, M], from (3.14), we have

ol /2

lw(®)ll 5y/2 § 1w (Ol 5y/2 /t el g2
M~ M 0

Thanks to Lemma 2.7, we obtain

exp{—CT}
W@y (WOl pye )™
eM ~ eM
Therefore, we have
exp{—CT
(@l 12 S Ilw(©)]FF5 T (3.15)
By B

2,00

If % <s' < %, by interpolation, the embedding B;/f < B3/2

500, We arrive at
,

0 —0
lwll gy, < IIw\IB;(;I\w\IJIBs/

1-6
7 < 6
. <lullys (g +olge) % Tl

2 2
2,00 oo
where § = 3 — &', Using (3.15), we obtain that

Zﬁj‘;{‘”}. (3.16)
2

;00

6
lwllag, < ol S )

We finish the proof. O

Obviously, the uniqueness of solution is a corollary of Lemma 3.1. Furthermore, for any initial data
uo € B(0,R) C Bg’{ﬂ by (1.8), we see that the lifespan T, of the corresponding solution u to (1.5)

satisfies
7 7 ~

Tz 3>480(R+1)3éT’
180 ([l +1)
2,1

where T does not depend on u. Therefore, we can find a T > 0 such that for all ug € B(0,R) C B;/f,

the corresponding solution u € C([0, T); Bg{f). Directly from (1.8) and Lemma 3.1, (1.9) is proved

and hence we complete the proof of Theorem 1.1.

Remark 3.1. The proof for Theorem 1.2 is much easier than the one for Theorem 1.1. We can also
use the standard iterative process to obtain a solution. One can obtain the uniform bounds for the
approximate solutions {un,}, and then prove that {u,} is a Cauchy sequence in B;;l by using the
same method as in [43]. Similarly, we can verify that the limit function v is a solution and v € E, ,..
Furthermore, continuity and Holder continuity of the solution map can be obtained by following
the steps in [50]. The details for Theorem 1.2 are omitted.

12
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4 Non-uniform Dependence

In this section, we will show that the solution map defined by (1.13) is not uniformly continuous.
We argue in two cases:
1<r<oo, $s>3/2 and r=1,s=3/2.

For the first case, we can follow the same steps as in [50] to prove the (1) in Theorem 1.3 and hence
we only give the proof for the critical case.

4.1 Approximate solutions and actual solutions

Following the approach in [52], we choose approximate solutions as
uk’n(t7 x) = knt +n %2 cos 0, where 0 =nax —kt, neZ", k= —1,1. (4.1)
Substituting ©*™ into (1.13) gives rise to the error which is defined to be
E = 0" + uP " 0,0 + PP, (4.2)
Lemma 4.1. Let E be as in (4.2), 0 = 1,00. Then we have HEHBé/f <n73/2,

Proof. ||E| ;172 < | Qe + uk’"al-uk’"HBuz + HF(uk’")HBUg . Via direct computation and Lemma
2,0 2,0 2,0

2.9, we have

1 _
‘atuk’"—i—uk’"azuk‘" < |l=2n "2 sin(2na — 2kt) <n 7?2 (4.3)
B;/z 2 Bl/2
7 2,0
k, k,n\3 k, k, k,
PG g S @@t + [ @],
2.0 By By

+ @ty @2t

—3/2
BQ,U

~

< H(an_2 +n72/2)(=n " ?ksin 6 + %n_Q sin 20)

B8/
1
+ ||—k*n"*sin 20 + —kn~"/?(sin 30 + sin )
2 32—3/2
1, 9/, . 1 5.
+ ||[=kn (sin30 —sinf) + —n"~ ’sin46
4 8 5=3/2
2,0
—3/2 1 5.
+ ||—kn sinf — —n~ “sin 20
2 B-3/2
2,0
1
+ || = sin 20
2 B3
<n 32 (4.4)
We will complete the proof by putting the estimates (4.3) and (4.4) together. O
Via Lemma 2.9, for n > 1 and any ¢t > 0, we have
||uk’"(t,x)||33/2 = [|kn~" +n %2 cos(na — k)| gsr2 S 1, o =1,00. (4.5)
2,0 2,0

13
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4.2 Estimating the differences between approximate solutions and
actual solutions

We consider the following periodic boundary value problem with initial data u*" (0,2), i.e.

{ut—&-u@zu——F(u), teR", zeT,

u(0,x) = u""™(0,2) = kn~' +n~%?cos(nz) € B

3/2 (4.6)
2,1 -
From Theorem 1.1, let ug,, € C([0,T7; Bg”/f) be the unique solution to (4.6), where
T = 3 >0
150 ([ )2 +1)
2,1
can be chosen independent of n by (4.5). Then (1.8) turns out to be
s (t )| gare S 1" (0,2) ]| g2 S 1, 0<t<T, neN. (4.7)
2,1 2,1
Letting v = " — ug,n and F' = E — Opug,nv — [F (u*™) — F (ur,n)], then v satisfies
ow+u"ow=F, teRY z€T,
v(0,z) =0, ze€T.

We now estimate the B./>

(4.8)
200 DOrm and Bg/fo norm of v.

Lemma 4.2. When n > 1, for some constant C' > 0, we have

_3 B
||U(t)\|31/2 <n 5 exp{ CT}7
2v00

<n

[o(t)| sz S, for 0<t<T,
2,00

Proof. By Lemma 2.2 and v(0) = 0, we have

t t
!/ !
@2 <0 [“onfe [ [y e 7'} 1Py

Note that [|Ozuk vl 5172 < [tk gs/2 0] g1z S (vl g1/2. From (4.5), (4.7), Lemma 2.8, the above
2,00 2,1 2,1 2,1
estimate and Lemma 4.1, we see that

(4.9)

awuk’"(rl)

t t

@)l 5y/2 5/ loll 532 d7+/ n=%?2 dr.
» 00 0 s 0

Applying Lemma 2.6, (4.5) and (4.7) yields

t
: 1
t < —3/2T+c/ In e+
[lv( )HB;)/i ~n A HU(T)HB;g nife o(r

— | dr.
Ny
Repeat the process as in Lemma 3.1, we obtain that for some constant C' > 0,

_ Bexp{—CT}
lo@l gy S0
To estimate the Bg/fo

(4.10)

norm of v, we first estimate the B2

2,00

norm of ug,»(t). For each fixed n € N,
applying the property (2) in Lemma 2.2, the embedding Bg{f < L* and (4.7), we obtain that for

14
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t€10,77,

(572 = k(O 372

t t
<O [ 1Pz dr+C [0
0 (ad 0

t t
s/nwwgﬂmu@mws/nmwfmm
0 2,1 2,00 0 2,00

From the above inequality and Lemma 2.9, we have

[wkn (@)l 372 < llukn (0] g3/2 (1 + Cr “T) S (4.11)

| oo l[uknll g /2 dT

Thanks to (4.11), we arrive at
lv@ll s> < ||uk’n(75)\|Bg/o20 +llurn @l gz < n

Combining these results gives rise to the desired estimates. O

4.3 Proof for Theorem 1.3
We firstly rechoose Te [0, 7] such that exp {—Cf} > %. Then from (4.10), we have

_3 _cT _6
e e T N

We will show that for t € [0,T], u—1,n» and u1,, are two sequences which satisfy (1.17)—(1.19).

From (4.7), we see that for k = —1,1, [lugn(t)| 532 < Huk’”(O)HBg/z, which implies (1.17). And
2,1 2,1
(1.18) is given by

[u=1,0(0) = u1,n (0)[| y3/2 = [lu™""(0) = u™(0)|| ya/2 S~ ——0. (4.12)
Byly Byt n— oo

For (1.19), we consider

. . . . —1,n 1,n
tim nf s (6) = w1, (O g2 > iming ™" (8) = " (1) 72

. —1,n _
Jim a7 (1) — e (O]

— lim [Ju""™(t) — w1, (t) (4.13)

72
By Lemma 4.2 and interpolation inequality, we obtain

-3
5

=n B

N
=

1
2
B

1
< 2. S
||U|‘B;’{12 < vl ;/;HUHBS/i ~noen

and therefore we deduce that

Jim a7 () = w0z = lim () = w0l 32 = 0.

Therefore, we have that for ¢ € [0, JA“],
1,n

liminf 1 (£) — w1, (O] o2 2 it [Ju™" (8) — u" (8)] /2
n— oo 2,1 k— o0 2,1

> liminf (ang/Q sin(n) sint|| ;a2 — Hn71||B3/z)
2,1 201

n—00

= lim inf (n_3/2” sin(nz)|| ;s/2| sin t|)
2,1

n— 00

2 | sin(t)].
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Therefore, the solution map defined by (1.13) is indeed not uniformly continuous.
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